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Abstrakt

V současnosti se předpokládá, že vesmír je tvořen z 5% baryonovou hmotou, z 26% tem-
nou hmotou a zbylých 69% připadá na temnou energii. Bez existence temné hmoty by
bylo velmi obtížné vysvětlit pozorované jevy, jako je například plochost rotačních křivek
spirálních galaxií, příliš vysoká disperze rychlostí hvězd v eliptických galaxiích nebo pře-
bytečná hmota, odhalená pomocí gravitačního čočkování. Přestože temnou hmotu již
zvládáme detekovat, její složení stále zůstává záhadou.
V této bakalářské práci se věnujeme temné hmotě a tomu, jaké má své místo v galaxiích
a galaktických kupách. V teoretické části rozebíráme, jaké známe typy galaxií a jakými
zákony se galaxie řídí. Také se zde věnujeme povaze temné hmoty, jejímu možnému
složení a důkazům její existence. V praktické části se zabýváme rotačními křivkami
galaxií a dostáváme až k rozložení hustoty temné hmoty v těchto strukturách.

Abstract

The current assumption is, that the universe is composed of 5% baryonic ma�er, 26%
dark ma�er and the remaining 69% is dark energy. Without the existence of dark mat-
ter, it would be very di�icult to explain observed phenomena, such as the flatness of
the rotation curves of spiral galaxies, the excessively high values of velocity dispersion
of stars in elliptical galaxies, as well as the abundance of mass revealed through grav-
itational lensing. Although we are already able to detect dark ma�er, its nature still
remains a mystery.
This bachelor’s thesis focuses on dark ma�er and its role in galaxies and galaxy clus-
ters. In the theoretical part, we discuss the di�erent types of galaxies and the laws that
govern them. We also examine the essence of dark ma�er, its possible composition and
the evidence for its existence. In the practical part, we focus on the analysis of rotation
curves of galaxies, leading up to the determination of the distribution of dark-ma�er
density within these structures.
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Introduction

The first hint of an unknown form of ma�er appeared in 1933, when Fritz Zwicky dis-
covered a gravitational anomaly while studying the Coma Cluster. The mass calculated
from the cluster's luminous components did not match the mass inferred from the ob-
served velocities of its galaxies. This discrepancy suggested the presence of an invisible
substance, now known as dark ma�er. Since then, extensive observational evidence has
continued to support its existence. Further clues emerged in the 1970s, when Vera Rubin
investigated the measurements of rotation curves of spiral galaxies, that have confirmed
the necessity of dark ma�er halos (Rubin et al. 1978). Dark ma�er appears to be essential
in all spiral galaxies, especially at large radii, where the rotation curves remain flat. This
observed shape of the rotation curves is a sign of the hidden ma�er, which provides the
necessary gravitational pull. Similar anomalies have been observed in elliptical galaxies,
where the velocity dispersions of stars are way too high to be caused by just the lumi-
nous ma�er alone.
Today, dark ma�er is believed to be a non-baryonic form of ma�er that interacts only
through gravity; however, its exact composition remains unknown. Several candidates
have been proposed, including weakly interacting massive particles (WIMPs) and axions,
but none have been directly detected so far.
This bachelor thesis aims to address the issue of dark ma�er in galaxies and galaxy
clusters, with the practical part focusing on the rotation curves of spiral galaxies. By
comparing observed rotation curves to those predicted by visible ma�er alone, we ex-
amined the need for a dark ma�er component. In addition to fi�ing observational data
with theoretical halo models, we also employed a complementary approach based on
Poisson's equation to derive the dark ma�er density profiles directly.
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1. Galaxies and Galaxy Clusters

1.1 Formation of Galaxies and Galaxy Clusters

According to our current understanding of galaxy formation, every galaxy develops
within a dark-ma�er halo. The evolution and expansion of galaxies over time are closely
linked to the growth of the halos that host them (Wechsler and Tinker 2018). Dark mat-
ter is thought to be the gravitational backbone on which galaxies and galaxy clusters
form, shaping cosmic filaments of luminous structures.
As explained by Combes (2023), the dark-ma�er skeleton of the universe began to grav-
itationally collapse even before the recombination era, which occurred approximately
380000 years a�er the Big Bang. That is the epoch when ma�er decoupled from radia-
tion. Since dark ma�er does not interact with photons, it was not impeded by radiation
pressure and could start forming gravitational potential wells or halos earlier than ordi-
nary (baryonic) ma�er. Once baryons were no longer coupled to photons, they began to
fall into these pre-existing dark-ma�er halos.
ESA's Euclid mission could be a key candidate to shed light on the mystery of dark mat-
ter. TheEuclid Dark Universe mission was launched on July 1, 2023, and is expected
to map the sky for over six years. The telescope is positioned at the Sun-Earth Lagrange
Point 2 (L2) and is conducting two main surveys: the Euclid Wide Survey (EWS) and the
Euclid Deep Survey (EDS). EWS covers about one-third of the sky (up to 14 500 deg2)
and obtains high-resolution images of a large number of galaxies and their distribution.
EDS surveys a smaller area (around 50 deg2) and is designed to detect even faint and
distant galaxies. Euclid's observations will help to describe the structure of the universe
known as the Cosmic Web (Fig. 1.2). On March 19, 2025, the first data release (Q1) from
Euclid was announced (Euclid Consortium 2025a). Figure 1.1 shows some of the vari-
ously shaped galaxies observed by Euclid. This and further information can be found on
the Euclid Consortium's website.
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4 1. Galaxies and Galaxy Clusters

Figure 1.1:Galaxies in di�erent shapes captured by Euclid (ESA/Euclid/Euclid Consortium/-
NASA et al. 2025).

Figure 1.2:The Cosmic Web (Artist's Impression) (Springel and Others 2020).
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Another mission that contributed to the dark-ma�er study is theHubble Space Tele-
scope (HST) through its survey, theCosmic Evolution Survey (�COSMOS�). Using
HST mapping, a three-dimensional map of the dark-ma�er distribution was created.
This map helped confirm theories suggesting that galaxies form along clumps and fila-
ments of dark ma�er, according to the ESA's website (ESA et al.) The top three images
shown in Fig. 1.3 illustrate the evolution of dark-ma�er distribution over time. The bot-
tom part of Fig. 1.3 presents a three-dimensional map of dark ma�er, constructed with
respect to three axes: right ascension, declination, and distance from Earth (increasing
from le� to right). The picture shows that in the past, dark ma�er appeared to be more
uniform.

Figure 1.3:3D map of dark ma�er as seen by Hubble (ESA et al. 2007).
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1.2 Types of Galaxies

There are many di�erent shapes and sizes of galaxies. Based on these criteria, the Hubble
classification, shown in Fig. 1.4, divides galaxies into three main types: spiral, elliptical,
and lenticular. Irregular galaxies are those that could not be categorized as any of these
three types. Originally, it was assumed that elliptical galaxies evolved into spiral galax-
ies. However, that was later discovered to be false (edited from Zejda (2013)).

Figure 1.4:The Hubble tuning fork - classification of galaxies (Hubble 1936).

The original Hubble galaxy classification was improved by de Vaucouleurs (1963), who in-
troduced a more elaborate categorization, especially for spiral galaxies. Figure 1.5 shows
this refinement.

Figure 1.5:The Hubble-de Vancoulers diagram (Ciccolella and De Leo 2016).
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Galaxies can also be classified according to their luminosity types, using a system pro-
posed by van den Bergh (1960a,b,c). In this classification, galaxies are assigned a lumi-
nosity class ranging fromI to V, where classI denotes the most luminous galaxies, and
classV the least luminous. This classification is used in addition to the Hubble morpho-
logical types.

1.2.1 Elliptical Galaxies

Elliptical galaxies have the shape of a smooth sphere or a rotational ellipsoid. They con-
tain mainly Population II stars, which are quite old, and li�le to no interstellar ma�er
(dust and gas). That makes them poor in star-forming regions. These galaxies are de-
noted by symbols E0, E1,: : : , E7, where the E0 galaxies are spherical and the E7 are the
most elongated. The galaxies are labeled with numbers according to the formula Ex,
wherex = 10[a� b

a ], anda, b are the major and minor axes of the galaxy.
Most massive elliptical galaxies exhibit minimal or no rotation, even in cases where they
have significantly elongated shapes. The stars within these galaxies move with random
velocities along the line of sight, and the root mean square of this velocity dispersion can
be determined from the Doppler broadening of their spectral lines (edited from Binney
and Tremaine (1987)).
It was discovered by de Vaucouleurs (1948) that the surface brightness profile of elliptical
galaxies approximately follows a decrease proportional tor1=4. The so-calledde Vau-
couleurs profile is given by

I(r) = Ie10� 3.33([ r
re

]1=4� 1), (1.1)

or equivalently, in its more commonly used form,

I(r) = Iee� 7.67([ r
re

]1=4� 1), (1.2)

wherere is the e�ective radius (the radius within which half of the total luminosity of
a galaxy is contained), andIe is the surface brightness atre. As specified by Bovy (2023),
the de Vaucouleurs profile does not describe smaller elliptical galaxies as well as it does
the larger ones. For this reason, theSérsicprofile (Sersic 1968), which is a generalization
of the de Vaucouleurs profile, is used as

I(r) = Iee� bn([ r
re

]1=n� 1), (1.3)

wherebn is given bybn = 2n� 0.324andn is a parameter that controls the shape of the
profile (see Fig. 1.6).
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Figure 1.6:Sérsic profiles for di�erent values ofn, with re = 1 andIe = 1. The plot was
generated using Equation(1.3), implemented in NumPy and visualized with Matplotlib.

1.2.2 Spiral Galaxies

Spiral galaxies consist of several distinct components, as Fig. 1.7 shows. Their promi-
nent disks contain Population I stars, gas and dust. A defining feature of spiral galaxies
is their spiral arms, which accommodate bright O and B stars and star-forming regions.
The number and length of these arms can vary significantly from one galaxy to another.
A central bulge contains older, Population II stars. The bulges of spiral galaxies exhibit
diverse properties, reflecting di�erent evolutionary processes. For example, as noted
by Kormendy and Kennicu� (2004), classical bulges are typically formed through galaxy
mergers and energetic interactions, whereas so-called pseudobulges form gradually from
disk gas and retain features indicative of their disk origins. Although bulges have tra-
ditionally been compared to elliptical galaxies, recent observations indicate that some
may share a closer connection with galactic disks (Moorthy and Holtzman 2006). At the
center of spiral galaxies are supermassive black holes.
The Hubble-de Vaucouleurs classification of spiral galaxies divides them into these main
types: Sa, Sb, Sc, Sd, and Sm. An "Sm" designation indicates a galaxy without a bulge
and with an irregular structure. Sa-type galaxies have the highest luminosity in their
stellar bulge and the most tightly wound spiral arms. When a spiral galaxy has a promi-
nent bar, its designation includes a "B" (SBa, SBb, etc.). For weakly barred galaxies, "AB"
is used in the notation, and for galaxies without bars, "A" is used. Additionally, the des-
ignations "r" and "s" are introduced, with "r" indicating a galaxy with a ring, "s" without
a ring, and "rs" for intermediate cases (de Vaucouleurs 1963).
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In most spiral galaxies, the circular velocity remains nearly constant across a wide range
of radii. However, near the galactic center, the circular velocity decreases to zero. Typi-
cally, circular velocities outside the bulge are in the range of 200 to 300km/s. A striking
observation is that these velocity curves remain flat even at distances extending well be-
yond the visible boundaries of the galaxy, indicating the presence of an unseen or dark
mass in its outer regions (edited from Binney and Tremaine (1987)). This flatness of ro-
tation curves was discovered and studied by Vera Rubin. The radial surface-brightness
profile of spiral galaxy disks can be described by the function

I(R) = I0e� R
hR , (1.4)

whereR is the radius andhR is the scale length, according to Bovy (2023). From this
function the galactic disks get their name - exponential disks.

Figure 1.7:Schematic picture of a spiral galaxy. Made using Picsart.

By performing photometry of spiral galaxies, the radial surface brightness profile,m(R),
can be obtained. This profile can be decomposed into

m(R) = mbulge(R)+ mdisk(R). (1.5)

Each component has its separate mass-to-light ratio,� , defined as

� =
M
L

=
Total mass

Total luminosity
. (1.6)
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The mass-to-light ratio is o�en expressed in solar units, where

� � =
M�

L�
=

Solar mass
Solar luminosity

. (1.7)

Employing the mass-to-light ratios, the surface mass density� (R) can be wri�en as

� (R) = � bulge(R)+ � disk(R) = � bulgembulge(R)+ � diskmdisk(R). (1.8)

1.2.3 Lenticular Galaxies

Lenticular galaxies, or S0 galaxies, according to the Hubble classification, represent an
intermediate stage between elliptical and spiral galaxies, sharing features of both. They
resemble spiral galaxies due to their prominent central bulge and disk, but are otherwise
relatively featureless. Their disks lack spiral arms, gas, dust, and young stars. As spec-
ified by Binney and Tremaine (1987), these galaxies follow the surface-brightness law,
that is given by Eq. (1.4).

1.3 Galaxy Clusters

Galaxy clusters are structures made up of a large number of galaxies, dark ma�er, and
hot gas. They are the largest gravitationally bound objects in the universe. Assuming
that the galaxy cluster is a closed system in a dynamical equilibrium, the virial the-
orem (see 2.5.1) can be applied, according to, e.g., Pfrommer (2022). The galaxies in
a galaxy cluster - which may be about 103 galaxies for a rich galaxy cluster - have approxi-
mately a Gaussian velocity distribution and a velocity dispersion for such a rich cluster is

sv =
q

s 2
x + s 2

y + s 2
z � 1200kms� 1. By applying the virial theorem

2T + V = 0, (1.9)

whereT is the mean kinetic energy of the particles or bodies andV is their gravitational
potential energy, we have

Mgals
2
v �

GMclusterMgal

rcluster
= 0, (1.10)

whereG is the gravitational constant. From Eq. (1.10), we can get the total mass of the
clusterMcluster. The typical radiusrcl is, as stated by Pfrommer (2022),rcl � 3Mpc. From
this

Mcluster =
rcls 2

v

G
� 1015M� . (1.11)

Even a�er adding up all the stellar masses of such a cluster, the obtained mass would still
be insu�icient compared to the reality (Mstellar � 1

50 Mcl (Pfrommer 2022)). This discovery
points to the existence of some unknown ma�er. However, to be more accurate, stars
are not the only objects that add mass to the cluster. The space between the galaxies of
a cluster is filled with hot gas, which emits X-ray radiation.
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For the intracluster medium we can assume a hydrostatic equilibrium, since the gas is
neither collapsing nor escaping the cluster. Therefore the inward and outward forces
should be compensating as

Ethermal = V, (1.12)

where Ethermal is the thermal energy of the gas particles equal tohTi and V is their
potential energy. The hydrostatic balance

¶P
¶r

= � r
GM
r2 , (1.13)

whereP(r) andM(r) are the gas pressure and mass of the gas at some radiusr, should
be satisfied. The total thermal energy of an ideal gas, which we use as the overall as-
sumption for the cluster's gas, is

Ethermal =
3
2

kBt , (1.14)

wheret is the temperature andkB is the Boltzmann factor. For the gravitational potential
energy of the gas particles, we will use the form

V = mmp
G Mcluster

rcluster
, (1.15)

where m is the mean molecular weight of primordial gas particles (m� 0.588(Pfrom-
mer 2022)). This value is used because the hot, fully ionized gas in galaxy clusters can
be approximated as primordial gas (i.e., the composition resulting from Big Bang nucle-
osynthesis, consisting of roughly 76 % hydrogen and 24 % helium by mass) andmp is the
proton mass. As before, following Pfrommer (2022), the cluster mass can be acquired as

Mcluster =
3kB t rcluster

2mmpG
� 2� 1048g � 1015M� , (1.16)

for a cluster withkB t = 6keV. The gas mass obtained from the X-ray imaging of the clus-
ter still appears to be much lower than the actual cluster mass, specifically
Mgas � 1

7 Mcluster. The mass percentage of individual components is

Mstellar � 2%,

Mgas � 13%,

Mdark ma�er � 85%.

One of the most significant proofs of dark ma�er is theBullet Cluster (1E 0657-56),
shown in Fig. 1.8. In the figure, the a�ermath of a collision between two large galaxy
clusters can be seen. As explained on the Chandra X-ray Observatory website, the pink
regions represent the hot gas detected byChandra in the X-ray spectrum, and it is
clearly visible that the passage le� a clump in the gas of one of the clusters. The gas
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represents the largest amount of baryonic ma�er. The orange and white galaxies were
captured byMagellan and HST. However, the highest concentration of mass is found
in the blue areas, which were detected through the e�ects of gravitational lensing (see
2.6.2). The large mass density of these sections is a�ributed to dark ma�er. From the
image, it can be concluded that the dark ma�er present in the clusters did not interact,
unlike the gaseous parts.

Figure 1.8:Bullet Cluster (NASA/CXC/CfA/M. Markevitch et al. 2007).

1.4 Galactic Dynamics

In this thesis, we use the notationRto denote the radial coordinate in cylindrical coor-
dinates, andr for the radial coordinate in spherical coordinates.

1.4.1 Rotation Curves of Galaxies

The rotation curves of spiral galaxies reflect the dependence of the circular velocity
vc on the distance from the centerr. Obtaining galactic rotational velocities is achieved
through spectrometric measurements of stars or other luminous parts of galaxies, such
as intragalactic gas. Objects moving away from us, the observers, exhibit a shi� of their
wavelengths toward the red end of the spectrum (redshi�), while those moving closer
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show a shi� toward shorter wavelengths (blueshi�). By measuring these shi�s across
di�erent parts of a galaxy and accounting for its inclination, a rotation curve can be con-
structed.
In the inner regions of a galaxy, the rotation curve indicates that the galactic bulge be-
haves like a solid body, which meansv(r) µ r. As the curve reaches its peak, it transitions
and exhibits a di�erent dependence, which can be approximated by a constantvc.
The rotation curve of a galactic disk reflects the mass distribution. Beyond a certain ra-
dius, the galaxy disk rotation curve remains approximately flat, which in the outermost
regions is caused by the presence of a dark-ma�er halo (Sofue and Rubin 2001). The ex-
pected rotation curve behavior, in the absence of any unknown ma�er, is quite di�erent.
A�er reaching a peak - when the galactic bulge ends and the object can no longer be
approximated as a solid body - the curve should follow the dependencev(r) µ 1=

p
r.

This discrepancy is a�ributed to the presence of dark ma�er, as mentioned earlier.
TheTully�Fisher law (Tully and Fisher 1977) is an empirically obtained relation, given
by

L µ v4
rot, max, (1.17)

under the assumption of a constant mass-to-light ratio� and mean surface brightness,
where L is the total luminosity andvrot, max is the maximum rotational velocity (Said
2023).
However, most observational studies have found that the power-law exponent devi-
ates from the theoretical value, a discrepancy commonly a�ributed to the influence of
dark-ma�er halos, as explained by Said (2023). To address this, thebaryonic
Tully�Fisher relation was proposed by McGaugh et al. (2000), which holds that

Md µ v4
rot, max, (1.18)

whereMd is the total baryonic mass, including both stars and gasMd = Mstellar+ Mgas.

1.4.2 Velocity Dispersion

Unlike in spiral galaxies, where the orbital motion of stars dominates, in elliptical galax-
ies, stars move in a more chaotic manner. To estimate the gravitational potential and
the mass of elliptical galaxies, velocity dispersion is used. The velocity dispersions rep-
resents the statistical spread of velocities around the mean value for not only elliptical
galaxies but also galaxy clusters.
TheFaber�Jackson law (Faber and Jackson 1976) states that for elliptical galaxies, the
total luminosity L is proportional to the fourth power of the central stellar velocity dis-
persions ,

L µ s 4, (1.19)

which is the analogy of Eq. (1.18) in the case of irregular or chaotic motion.

1.4.3 Description of Gravitation by Poisson's Equation

Poisson's equation is one of the fundamental equations of the theory of gravitation. It
describes the relationship between the gravitational potential� (x) in a general coordi-
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nate framex and the spatial density distributionr (x). This equation is given by

�� (x) = 4pGr (x), (1.20)

where� is the Laplacian operator, andG is the gravitational constant.
Poisson's equation enables us to e�iciently calculate gravitational potential (and, there-
fore, the spatial distribution of the gravitational acceleration) from an irregularly dis-
tributed ma�er or vice versa, usually using numerical or semi-analytical tools.

1.4.4 Gravitational Potential in Spherically Symmetric Ma�er
Distribution

The gravitational potential� describes how the mass is distributed within a galaxy and
determines the motion of objects within it. From the known density profile, in the case
of spherical symmetry, wherer = r (r), the massM(r) contained within the radiusr can
be obtained by integrating

M(r) = 4p
Z r

0
r (r0)r02dr0. (1.21)

We can also obtain the gravitational potential� (r) at the radiusr by integrating

� (r) = � G
Z ¥

r

M(r0)
r02 dr0, (1.22)

assuming zero gravitational potential at infinity.
For describing the distribution of dark ma�er in galaxy halos or elliptical galaxies,the
two-power density models with density profile

r (r) =
r 0aa

ra (1+ r
a)b� a

, (1.23)

where a and b are power indexes,r 0 is a scale density anda is the scale radius, are
usually used. At the point wherer = a(the transition radius),r 0 is scaled by a numerical
combination ofa andb. From Eq. (1.23), we infer two density profiles,

r (r) = r 0

� a
r

� a
for r � a, (1.24)

r (r) = r 0

� a
r

� b
for r � a. (1.25)

The most used variations of the two power density models are theNavarro-Frenk-
White (NFW) model , introduced by Navarro et al. (1996), and theHernquist model ,
derived by Hernquist (1990). The parameter values for NFW model area = 1, b = 3
and for the Hernquist modela = 1, b = 4. We can obtain the massM(r) and potential
� (r) for the NFW model, by following Eqs. (1.21) and (1.22). The resulting equations
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describing the mass and gravitational potential profiles are

M(r)NFW = 4p r 0a3

"

ln
� r

a
+ 1

�
�

r
r + a

#

, (1.26)

� (r)NFW = � 2p Gr 0a2

"
1
r

ln
� r

a
+ 1

�
#

. (1.27)

Similarly, the expressions for these quantities in the Hernquist model are given by

M(r)Hernquist = 2p r 0a3

 
r

r + a

! 2

, (1.28)

� (r)Hernquist = �
2p Gr 0a3

r + a
= �

G Mr! ¥

r + a
. (1.29)

Apart from these models, dark-ma�er halos are also well approximated by an isothermal
sphere, for which the density is given by

r (r) iso = r 0

"

1+
� r

rc

� 2
#� 1

, (1.30)

wherer 0 is the central halo density andrc is the halo core radius (Begeman et al. 1991).

1.4.5 Gravitational Potential in Disk-Like Structures

The gravitational potential of the galactic disk gives a connection between quantities
such as the orbital velocityvf and the mass distribution, that can be described by the sur-
face density� (R,f ) or the volume densityr (R,f ,z). Assuming circular orbits,vf = vcirc,
through the vertical range of the disk (d� =dz = 0), then the circular velocity can be
expressed from the definition of centripetal acceleration

aR = �
v2
circ
R

(1.31)

as

v2
circ = R

d�
dR

, (1.32)

where the centripetal acceleration is identified as the gravitational acceleration

aR = �
d�
dR

. (1.33)

Disk-like structures, for example a spiral galaxy, can be approximated as axially symmet-
ric, where¶� (R,f ,z)

¶ f = 0. This approximation overlooks the fact that some disk galaxies
have spiral structure or bars (Bovy 2023).
For an axisymmetric, zero thickness (razor-thin) disk, the density takes the form

r (R,f ,z) = � (R)d(z), (1.34)



16 1. Galaxies and Galaxy Clusters

whered(z) is the Dirac delta function. Following Poisson's equation (1.20), the general
form for the gravitational potential for this type of disk is

¶� (R,z)
¶z

�
�
�
�
�
z= 0

= 2p G � (R). (1.35)

The potential used to describe a razor-thin disk may be, for example, expressed as

� (R,z) = �
G M

p
R2 + ( jzj + a)2

, (1.36)

which is called theKuzmin model, wherea � 0 is a scaling parameter of the model. As
described by Bovy (2023), forz > 0, this potential is similar to the point-mass potential,
which is given by

� (R,z) = �
G M

p
R2 + z2

. (1.37)

One of the potentials that can be used to describe a disk with finite thickness is the
Miyamoto-Nagai potential. This potential is given by the equation

� (R,z) = �
GM

q
R2 + (

p
z2 + b2 + a)2

, (1.38)

whereM is the total mass of the disk,a is the horizontal scale length (disk scale radius),
b is the vertical scale height of the disk,G is the gravitational constant, andRandz are
galactocentric coordinates (Miyamoto and Nagai 1975) within a given galaxy. The pro-
files of the two potentials with the selected ratios of the parameters are compared in
Fig. 1.9.

Figure 1.9:An example of Kuzmin versus Miyamoto-Nagai potential (made using Galpy
package (Bovy 2015)).
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According to the standard model of cosmology (� CDM), the universe consists of ap-
proximately 5% baryonic ma�er, 26% cold dark ma�er, and 69% dark energy (Planck
Collaboration and Others 2016). The so-called Hubble constant,H0, is a parameter that
describes the expansion rate of the universe. It is defined as

H0 =
_r
r
, (2.1)

wherer is the distance between two objects and_r is the time derivative of that distance,
i.e., the expansion velocity (Mikulá²ek and Krti£ka 2005). According to Planck Collab-
oration and Others (2016), the value of this parameter measured by thePlanck space
telescope isH0 = ( 67.8� 0.9) kms� 1Mpc� 1.

2.1 Cosmic Microwave Background

There have been three major missions dedicated to observing the Cosmic Microwave
Background (CMB). With the advancement of instrumentation, progressively more de-
tailed CMB maps have been produced, as you can see in Fig. 2.1.

Figure 2.1:The evolution of satellites designed to measure CMB (NASA et al. 2013).

� 17 �
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As explained by Freese (2017), analysis of the CMB reveals, as previously mentioned, that
approximately 5% of the universe consists of ordinary (baryonic) ma�er, while about 26%
is composed of dark ma�er.

2.2 The Shape of the Universe

Determining the geometry of the universe is crucial for understanding its ultimate fate.
Will it collapse or will it continue expanding forever, eventually leading to a state of heat
death? There are three possible types of curvature for the universe: flat, open, or closed
(Kamionkowski 1998). The geometry of the universe is determined by its density. The
critical density � the density the universe must have in order to be spatially flat � is
given by

r c =
3H2

0

8p G
, (2.2)

where H0 is the Hubble parameter andG is the gravitational constant. The density
parameter
 , which is also used, is defined as


 =
r
r c

, (2.3)

wherer is the observed density of the universe. Figure 2.2 illustrates that the shape of
the universe depends on the value of
 . If 
 = 1, the universe is flat and follows the rules
of Euclidean geometry. If
 < 1, the universe is open and has a negative (saddle-shaped)
curvature. For
 > 1, the universe is closed and has a positive (spherical) curvature.

Figure 2.2:Geometry of the universe (NASA and WMAP Science Team (2011)).

It is currently believed that the universe is flat. According to Lahav and Liddle (2004),
the total ma�er density 
 m is


 m = 
 c + 
 b, (2.4)
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where
 b represents the ma�er associated with baryons and
 c is the cold dark-ma�er
density. Cold dark ma�er is one of the most widely supported predictions about the na-
ture of dark ma�er, despite its shortcomings on smaller scales (such as in dwarf galax-
ies). Another, though less recognized, type is hot dark ma�er, which prevents galaxy
formation due to its higher velocity. Although the cold dark ma�er is currently the most
commonly supported theory, it is still possible that dark ma�er exists as a combination
of these two components (Lahav and Liddle 2004).
In keeping with the same article, two studies - theSupernova Cosmology Projectand
the High-z Supernova Search Team- concluded that the dark energy component (cosmo-
logical constant� ) causes the universe to accelerate. The CMB data implies that the
universe is flat (
 m + 
 � = 1) and it is estimated, as already suggested, that the values

 m � 0.3and 
 � � 0.7apply.

2.3 Dark Energy

The first evidence for the presence of dark energy came, as noted by Freese (2017), from
observations of distant supernovae, which appeared to be dimmer than expected. This
faintness is a�ributed to the accelerating expansion of the universe, that is driven by
dark energy.
Recently published results from theDark Energy Survey (DES Collaboration et al.
2025) suggest that dark energy may not be constant over time. The DES team com-
pared the expansion history of the universe derived from Type Ia Supernovae (SNe), the
standard candles used to measure cosmic distances, with data from Baryonic Acoustic
Oscillations (BAO) - imprints of sound waves (pressure waves) from the early universe
that serve as a standard ruler to measure the universe's expansion. These findings were
also in contrast with previously determined values of
 m, obtained from analyzes of
the CMB and primordial nucleosynthesis. The results suggest values of
 m � 0.31and
H0 = 67.81kms� 1Mpc� 1, which are consistent with those gathered by Planck. How-
ever, the results obtained from di�erent observational methods (BAO vs. SNe) show
non-negligible di�erences. This discrepancy indicates that more complex models than
the standard� CDM may be required to fully explain the observed data, as proposed in
the article by DES Collaboration et al. (2025).

2.4 The Nature of Dark Ma�er

According to Freese (2017), there are two main arguments supporting the non-baryonic
nature of dark ma�er. The first comes from the primordial nucleosynthesis. Once deu-
terium D becomes stable via the reactionp+ n ! D + g, other light elements such as
helium He and lithium Li can also form. However, the synthesis of heavier elements
did not occur until nearly a billion years later, during stellar evolution. In order for the
predicted abundances of these light elements to match observations, baryonic ma�er
(ordinary atoms) must constitute only about 5% of the total mass-energy content of the
universe. The other comes from the analysis of the CMB.
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2.4.1 Cold Dark Ma�er

Cold dark ma�er (CDM) refers to particles that move at non-relativistic speeds (much
slower than the speed of light) in the early universe. From an early state dominated by
fundamental particles, the universe gradually evolved various of structures � galaxies,
galaxy clusters, stars, and so on. It is thought that dark ma�er played a remarkable role
in this formation. CMB hints that small irregularities in the distribution of dark ma�er
made the structure creation possible (Dodelson et al. 1996). As stated in the same article,
one of the pillars of CDM theory is the theory of inflation, which the universe underwent
at approximatelyt � 10� 34s. During this extremely brief period, the universe expanded
in size by a factor greater than1025. This rapid expansion is also considered the reason
for the universe's observed flatness, corresponding to a total density near the critical
valuer crit (Eq. (2.2)).

2.4.2 Dark Ma�er Candidates

Previously, some theories suggested thatMACHOs (Massive Compact Halo Objects)
could constitute dark ma�er. According to this hypothesis, dark ma�er would be made
up of hard-to-detect objects such as faint stars, white dwarfs, neutron stars, brown
dwarfs, or primordial black holes. Using HST data, it was estimated that low-mass stars
could contribute up to 3% of the Milky Way's total mass, indicating that MACHOs can-
not be the primary component of dark ma�er. Other surveys show that stellar remnants,
especially white dwarfs, could account for up to 15% of the Milky Way's dark ma�er.
Other objects mentioned have also been ruled out as the primary component of dark
ma�er, so it must be composed of a di�erent, unknown material (Freese 2017).
The particles that make up dark ma�er could, for example, beWeakly Interacting
Massive Particles (WIMPs). The relic density of WIMPs,
 WIMP, is comparable to the
dark-ma�er density, 
 DM (Salucci 2019). WIMPs also arise naturally as a byproduct of
certain particle physics theories, as stated by Freese (2017).
Another possible type of a dark-ma�er particle could beaxions, which already exist
within the framework of particle physics.
It was previously considered thatneutrinos could be the dark ma�er particles; however,
their relativistic speeds would prevent the formation of gravitational structures, and or-
dinary neutrinos are also too light to contribute significantly to the total mass budget
(Freese 2017).
Dust particles and ordinary (baryonic) ma�er were also ruled out, as there are not
enough heavy elements (produced through stellar nucleosynthesis) to account for the
required dark ma�er content. Furthermore, baryonic ma�er interacts with electromag-
netic radiation, in contrast to dark ma�er.
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2.5 Analytical Scalings of Dark Ma�er

2.5.1 Virial Theorem

The virial theorem can be used to determine the mass of a stellar system. The virial
quantity G of a system composed of N point masses is

G =
N

å
i= 1

~pi � ~x2
i , (2.5)

where ~pi and ~ri are momentum and position vector of the particles (the original principles
were set by Clausius 1870, see also many more modern versions, a practical summary is
for example in Mikulá²ek and Krti£ka 2005).
Assuming the system is quasi-equilibrial (quasistationary), then_G= 0. For the first time
derivative we get

_G =
N

å
i= 1

mi ( ~_xi � ~_xi + ~xi � ~•xi ) = 0, (2.6)

where ~_xi is the velocity and~•xi is the acceleration of the particles. The first term is

N

å
i= 1

mi � ~_xi � ~_xi = 2T, (2.7)

where T is the average kinetic energy of the system. As for the second term, while
denoting ~•xi = ~gi ( ~xi ), it can be expanded as

N

å
i= 1

mi � ~xi � ~•xi =
N

å
i= 1

mi � ~xi � ~gi ( ~xi ) =
N

å
i= 1

mi � ~xi �
N

å
j= 1,j6= i

� G
mj ( ~xi � ~xj )
j ~xi � ~xj j3

. (2.8)

The summationå j6= i takes into account the constraint, that the gravitational interac-
tion cannot act between one and the same particle. The addition of particles and their
combination then implies the expansion of Eq. (2.8) as

� G
N

å
i= 1

å
j> i

mi � ~xi �
mj ( ~xi � ~xj )
j ~xi � ~xj j3

+ G
N

å
i= 1

å
j< i

mi � ~xi �
mj ( ~xi � ~xj )
j ~xi � ~xj j3

, (2.9)

where the opposite signs originate from the order of particlesi, j in the numerator
bracket. If the order of the particles in one of the brackets were to be opposite, so would
be the sign of corresponding term. By reversing the inequality in the sum of the second
term, all of the otheri, j indexes also swap. We get

� G

"
N

å
i= 1

å
j> i

mi � ~xi �
mj ( ~xi � ~xj )
j ~xi � ~xj j3

+
N

å
i= 1

å
j> i

mj � ~xj �
mi ( ~xj � ~xi )
j ~xj � ~xi j3

#

=

� G

"
N

å
i= 1

å
j> i

mi � ~xi �
mj ( ~xi � ~xj )
j ~xi � ~xj j3

�
N

å
i= 1

å
j> i

mj � ~xj �
mi ( ~xi � ~xj )
j ~xi � ~xj j3

#

=



22 2. Dark Ma�er

� G
N

å
i= 1

å
j> i

mi � mj �
( ~xi � ~xj )
j ~xi � ~xj j3

� ( ~xi � ~xj ) = � G
N

å
i= 1

å
j> i

mi � mj

j ~xi � ~xj j
. (2.10)

It can be seen that the Eq. (2.10) expresses the total potential energy of the system.
Equation (2.6) can be rewri�en as the virial theorem

2T + V = 0, (2.11)

whereV is the potential energy.

2.5.2 Virial Mass and Radius

The virial mass,mvir, is the mass of a system to which the virial theorem applies, con-
tained within the virial radius, rvir. The virial radius is defined, for example, by
Kravtsov (2013) as the radiusr200within which the average density is 200 times the criti-
cal density of the universe,r crit. The corresponding virial mass is defined as
m200 = ( 4=3) p 200r crit r3

200.

2.5.3 Jeans equations

The Jeans equations can be understood as an analogy to the Euler hydrodynamic equa-
tions for a stellar system. For an introduction to the formalism of their derivation, see,
e.g., Kurfürst (2024). The first one, thecontinuity equation , is given by

¶n
¶t

+
3

å
i= 1

¶ (nhvi i )
¶xi

= 0, (2.12)

wheren(t,x) is the number density of bodies involved andhvi i is the mean value of the
i-th velocity component. The Jeansmomentum equation (collisionless analogue to the
Newton's second law) has the form

¶ (nhvi i )
¶t

+
3

å
j= 1

¶
�
nhvivj i

�

¶xj
= � n

¶�
¶xi

, (2.13)

where� is the gravitational potential. The second term on the le�-hand side represents
the divergence of the velocity tensor, where we can introduce the velocity dispersion

s 2
ij = hvivj i � h vi ihvj i . (2.14)

By substituting Eq. (2.14) into Eq. (2.13), expanding the derivatives and subtracting
Eq. (2.12), we can rewrite the Jeans momentum equation in terms of mean motion and
dispersion, as

n
¶hvi i
¶t

+ n
3

å
j= 1

hvj i
¶hvi i
¶xj

= � n
¶�
¶xi

�
3

å
j= 1

¶ (ns 2
ij )

¶xj
, (2.15)

where the last term represents an analogy with the pressure gradient term in the Euler
momentum equation.
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Now, assuming axial symmetry in cylindrical coordinates, where¶¶ f = 0, and spherical

symmetry in spherical coordinates, where¶¶q = 0 and ¶
¶ f = 0, the divergence of an

arbitrary vectoru in these coordinate systems takes the form

Ñ� ujcyl =
1
R

¶
¶R

(RuR) +
¶uz

¶z
, Ñ � ujspher=

1
r2

¶
¶r

�
r2ur

�
. (2.16)

Assuming also stationarity, where¶¶t = 0, the expanded component form of Eq. (2.13) in
cylindrical coordinates (for the galactic disk) takes the form:

¶
�
nhv2

Ri
�

¶R
+

¶ (nhvRvzi )
¶z

+
nhv2

Ri
R

�
nhv2

f i

R
= � n

¶�
¶R

, (2.17)

¶
�
nhvRvf i

�

¶R
+

¶
�
nhvf vzi

�

¶z
+

2nhvRvf i
R

= 0, (2.18)

¶ (nhvRvzi )
¶R

+
¶

�
nhv2

z i
�

¶z
+

nhvRvzi
R

= � n
¶�
¶z

, (2.19)

where the last terms on the le�-hand sides of Eqs. (2.17) and (2.18) represent the cen-
trifugal and Coriolis forces, respectively.
Again assuming stationarity, the expanded form inspherical coordinates (for an ellip-
tical galaxy or a dark-ma�er halo) is

¶
�
nhv2

r i
�

¶r
+

2nhv2
r i

r
�

nhv2
q i

r
�

nhv2
f i

r
= � n

¶�
¶r

, (2.20)

where the last two terms on the le�-hand side represent the centrifugal force contribu-
tions in the angular directions.
We can also introduce a parameterb , which quantifies the orbital anisotropy (i.e., the
di�erence in the velocity distribution between radial and tangential directions) and, in
the spherical case, it is given by

b �
2s 2

r � s 2
q � s 2

f

2s 2
r

=
2hv2

r i � h v2
q i � h v2

f i

2hv2
r i

, (2.21)

where the first expression on the right-hand side is the general definition (as used, for
example, by Kowalczyk et al. (2017)), while the second term applies in the case of a non-
rotating system. Usingb, we can rewrite Eq. (2.20) as

¶
�
nhv2

r i
�

¶r
+

2b nhv2
r i

r
= � n

¶�
¶r

. (2.22)

The mass profileMr (i.e., the mass enclosed within radiusr) can be expressed in terms
of the number density of starsn, the radial velocity dispersions r , and the anisotropy
parameterb . In spherical symmetry, the gravitational potential satisfies

d� (r)
dr

=
GMr

r2 , (2.23)
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