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Abstrakt

Tato bakalÆłskÆ prÆce se vìnuje numerickØmu modelovÆní akreŁního procesu na su-
permasivní Łernou díru o hmotnosti M� = 4� 106 M�, motivovanØmu pozorovanými
vlastnostmi aktivních galaktických jader a systØmø typu Sgr A�. Pomocí kódu CAS-
TRO byla provedena dvourozmìrnÆ cylindrickÆ hydrodynamickÆ simulace a tro-
jrozmìrnØ kartØzskØ magnetohydrodynamickØ (MHD) simulace pro tłi røznØ intenzity
magnetickØho pole. RadiaŁní płenos byl nÆslednì modelovÆn programem SEDONA.
HydrodynamickÆ simulace ukazuje, ¾e akreŁní disk zøstÆvÆ po celou dobu vývoje
geometricky tenký a stabilní, płiŁem¾ v oblasti vnitłní hranice vznikÆ bipolÆrní vítr
pohÆnìný tepelným tlakem. TrojrozmìrnØ MHD simulace potvrzují vznik perzistent-
ních bipolÆrních výtokø ohraniŁených nízkohustotními polÆrními dutinami, płiŁem¾
kon�gurace se silným polem navíc vykazuje výraznou hemisfØrickou asymetrii. Spek-
trÆlní energetickÆ rozdìlení zÆvislÆ na zornØm œhlu ukazují, ¾e polÆrní emise je
koncentrovÆna v oblasti mìkkØho rentgenovØho zÆłení, zatímco ekvatoriÆlní spektra
dosahují maxima v extrØmním ultra�alovØm oboru. BolometrickØ jasnosti potvrzují
silný efekt œhlovØ anizotropie, kdy toky v polÆrním smìru płevy„ují ekvatoriÆlní
hodnoty a¾ o łÆd.



Abstract

This thesis presents a numerical study of accretion onto a supermassive black hole
of mass M� = 4 � 106 M�, motivated by the observed properties of active galac-
tic nuclei and systems such as Sgr A�. Two-dimensional cylindrical hydrodynamic
and three-dimensional Cartesian magnetohydrodynamic (MHD) simulations were
performed using the CASTRO code, followed by radiative transfer post-processing
with SEDONA. The hydrodynamic simulation demonstrates that the accretion disc
remains geometrically thin and stable throughout its evolution, while a pressure-
driven bipolar wind emerges from the inner boundary region. The three-dimensional
MHD simulations, conducted for three di�erent magnetic �eld strengths, con�rm
the formation of persistent bipolar out
ows bounded by low-density polar cavities,
with the strong-�eld con�guration additionally exhibiting pronounced hemispheric
asymmetry. Angle-resolved spectral energy distributions show that polar emission is
concentrated in the soft X-ray band, while equatorial spectra peak in the extreme
ultraviolet. Bolometric luminosities con�rm strong angular anisotropy, with polar

uxes exceeding equatorial values by up to an order of magnitude.
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Chapter 1

Black holes, accretion and jets

1.1 Black holes

1.1.1 De�nition, basic properties, and formation

A black hole is a region of spacetime where the gravitational �eld is so strong that
neither matter nor light can escape to in�nity. The boundary of this region is called
the event horizon, which acts as a one-way surface: matter and radiation can cross
it inward, but nothing can travel outward through it. For a non-rotating black hole
of mass M� , the event horizon is located at the Schwarzschild radius [Schwarzschild,
1916],

r s =
2GM�

c2
; (1.1)

where G is the gravitational constant and c is the speed of light. Unlike a neutron
star or a white dwarf, a black hole has no physical surface at rs. Once matter crosses
the event horizon, it is causally disconnected from the rest of the universe, and the
black hole's presence can only be detected through the gravitational �eld it produces
[Frank et al., 2002].

An important result from general relativity, known as the no-hair theorem, states
that a black hole in its �nal state is completely described by just two quantities: its
mass M� and its angular momentum J. All other properties of the original collapsing
body are radiated away as gravitational waves during the formation process [Frank
et al., 2002].

Black holes of stellar mass form when a massive star exhausts its nuclear fuel
and can no longer support itself against its own gravity. Oppenheimer and Snyder
[1939] showed that if the mass of the collapsing core is too large to be supported by
neutron degeneracy pressure, the collapse continues without limit. From the point
of view of a distant observer, the surface of the star approaches the Schwarzschild
radius asymptotically, with light from the surface becoming increasingly redshifted.
However, an observer falling with the collapsing matter crosses the event horizon in
�nite proper time. Because real stars rotate, the �nal product of such a collapse is,
in general, a rotating black hole described by the Kerr solution [Frank et al., 2002],
which we discuss in Section 1.1.2.

{ 1 {
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1.1.2 Classi�cation { Schwarzschild and Kerr black holes

The simplest solution to Einstein's �eld equations regarding black holes is the
Schwarzschild metric [Schwarzschild, 1916]. This solution describes a non-rotating,
electrically neutral black hole that is characterised solely by its mass M� . In this
model, the spacetime geometry is static and spherically symmetric. The event hori-
zon is located at the Schwarzschild radius rs = 2GM � =c2, as established in the
previous section, and represents the boundary from which no information can es-
cape.

In an astrophysical context, however, perfectly static black holes are unlikely to
exist. Because stars possess angular momentum, which must be conserved during
gravitational collapse, most astrophysical black holes are expected to rotate [Frank
et al., 2002]. Such objects are described by the Kerr solution [Kerr, 1963]. This
metric introduces a second parameter: the angular momentum J. To simplify the
mathematical description, it is common to de�ne the spin parameter a = J=(M� c) or
the dimensionless spin a� = ac=(GM � ), which is restricted to the range 0 � a � � 1.
Within this framework, the Schwarzschild solution is recovered when a� = 0, while
a� = 1 represents a maximally rotating black hole.

The rotation of a black hole signi�cantly alters the surrounding spacetime geom-
etry in two primary ways. First, the location of the event horizon is no longer �xed
at the Schwarzschild radius. For a Kerr black hole, the horizon moves inward as the
spin increases, with its radial coordinate r+ given by [Bardeen et al., 1972]:

r+ =
GM �

c2

�
1 +

p
1 � a 2

�

�
: (1.2)

For a non-rotating black hole with a� = 0, this reduces to the Schwarzschild radius,
while for a maximally rotating black hole with a� = 1, the horizon shrinks to its
minimum value GM� =c2.

Furthermore, rotation creates a unique region outside the event horizon known as
the ergosphere. Within this volume, the rotation of the black hole drags spacetime
itself | an e�ect known as frame dragging. This in
uence is so strong that no
physical observer can remain stationary relative to distant stars; all matter is forced
to rotate in the same direction as the black hole [Bardeen et al., 1972]. The outer
boundary of the ergosphere, referred to as the static limit, is de�ned by:

r0 =
GM �

c2

�
1 +

p
1 � a 2

� cos2 �
�

; (1.3)

where � denotes the polar angle. Consequently, the ergosphere is not spherical but
takes on an oblate shape that touches the event horizon at the poles and reaches
its maximum extent at the equator. This region is of particular interest for energy
extraction mechanisms, which are discussed in Section 1.3.2.



Chapter 1. Black holes, accretion and jets 3

1.1.3 Key relativistic quantities

In the study of black hole physics, the gravitational radius rg serves as a fundamental
length scale. It is de�ned by the expression:

rg =
GM �

c2
: (1.4)

This quantity determines the characteristic scale of the spacetime curvature in the
vicinity of a compact object. The Schwarzschild radius, introduced in Section 1.1.1,
corresponds to 2rg. Similarly, the event horizon of a Kerr black hole can be expressed
compactly using equation (1.2) as r+ = r g(1 +

p
1 � a 2

� ).
A critical threshold in the dynamics of accretion is the innermost stable circular

orbit, commonly referred to as the ISCO. While Newtonian mechanics allows for
stable circular orbits at any radius, provided the test particle has su�cient angular
momentum, general relativity introduces a limit to this stability. Below a speci�c
radial distance, circular orbits become unstable. Any small perturbation causes a
particle to spiral inward and fall into the black hole. Consequently, the ISCO de�nes
the physical inner boundary of an accretion disc [Bardeen et al., 1972].

For a non-rotating Schwarzschild black hole, the ISCO is located at:

r ISCO = 6 r g: (1.5)

Within this radius, no stable circular motion is possible and matter must inevitably
fall toward the central object. In the case of a rotating Kerr black hole, the ISCO
radius becomes a function of the spin parameter a� and the orbital orientation. For
prograde orbits, where the matter rotates in the same direction as the black hole,
the ISCO moves inward. In the limit of a maximally rotating black hole with a� = 1,
the ISCO reaches rISCO = r g. In contrast, for retrograde orbits, the ISCO expands
to r ISCO = 9 r g [Bardeen et al., 1972].

The dependence of the ISCO on the spin parameter has signi�cant observational
implications. The proximity of the inner edge of the accretion disc to the event
horizon directly a�ects the e�ciency of the conversion of gravitational energy into
radiation. These mechanisms and their impact on total luminosity are further dis-
cussed in Section 1.2.3.

1.2 Accretion

As established in Section 1.1.1, black holes lack a physical surface, yet the conversion
of gravitational potential energy during accretion represents a highly e�cient process.
The primary challenge in this mechanism is how the infalling gas, which typically
possesses signi�cant speci�c angular momentum, reaches the central object. This
angular momentum prevents direct free-fall and instead forces the infalling material
into orbital motion around the central mass, ultimately leading to the formation of
an accretion disc, a di�erentially rotating structure where internal stresses transport
angular momentum outward, allowing matter to spiral inward.
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1.2.1 Origin of accretion { why a disc forms

In gas-rich environments, such as close binary systems with mass-losing companions
or the nuclei of active galaxies, the infalling material inherently possesses a speci�c
angular momentum. This is de�ned as the angular momentum per unit mass, ` =
R2
, where R denotes the cylindrical distance (distance from a rotation axis) from
the central object and 
 represents the local angular velocity. In the absence of
external torques, this angular momentum must be conserved, and this constitutes
the primary barrier to direct accretion [Frank et al., 2002].

Consequently, the infalling gas cannot reach the central object directly. Instead,
the material settles in a circular orbit at a characteristic radius, known as the cir-
cularization radius Rcirc , where the centrifugal force balances the gravitational pull.
For most compact objects, Rcirc signi�cantly exceeds the physical dimensions of the
central mass. As a result, the gas initially accumulates in a ring at this radius rather
than being accreted immediately [Frank et al., 2002].

Within this ring, dissipative processes, namely collisions between gas elements
and shock waves, convert orbital kinetic energy into thermal energy, which is then
radiated away. Because circular orbits represent the lowest energy con�guration for a
given angular momentum, the gas naturally settles into a disc-like structure [Pringle,
1981]. However, to migrate further inward, the material must redistribute its angular
momentum. This transport is facilitated by viscous stresses acting between adjacent

uid layers rotating at di�erent velocities. These stresses e�ectively transfer angular
momentum outward, allowing the mass to 
ow toward the central black hole. The
resulting structure is a geometrically thin, di�erentially rotating accretion disc, whose
governing equations are developed in detail in the Appendix A.

1.2.2 Types of accretion discs

The best established model is the geometrically thin, optically thick accretion disc,
widely known as the standard thin disc or the Shakura-Sunyaev model [Shakura and
Sunyaev, 1973]. This regime occurs when the mass accretion rate_M � , de�ned as the
rate at which mass 
ows through the disc toward the central object,

_M � = �2�R�V R ; (1.6)

remains low enough for the disc to e�ciently radiate away viscously generated heat.
Here, � is the surface density of the disc, VR is the radial drift velocity, and the
negative sign ensures that _M � > 0 for the inward 
ow. The derivation of this
expression from the continuity equation is given in Appendix A. Consequently, the
disc maintains a low temperature, its vertical extent remains signi�cantly smaller
than its radial scale, and the gas motion is characterised by nearly Keplerian circular
orbits.

As the accretion rate increases, radiative cooling may become insu�cient to bal-
ance the rate of viscous heating. In such cases, the disc thickens vertically and
radiation becomes trapped within the 
ow, a state described by the slim disc model
[Frank et al., 2002]. Under even higher accretion rates, the structure transforms into
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a geometrically thick torus, where radiation pressure provides the primary support
against gravity.

Conversely, at extremely low accretion rates, the gas density is reduced to the
point where collisions between ions and electrons are infrequent, preventing the es-
tablishment of thermal equilibrium. This regime, known as an advection-dominated
accretion 
ow (ADAF), is characterised by the viscously generated heat being stored
within the gas and advected inward rather than radiated locally [Frank et al., 2002].

Given that the simulations performed in this work focus on the sub-Eddington,
radiatively e�cient regime, the thin disc approximation serves as the most suitable
framework. Its governing equations and physical assumptions are developed in detail
in the Appendix A.

1.2.3 Accretion luminosity and e�ciency

The accretion process releases gravitational potential energy as radiation when in-
falling matter descends within the gravitational potential of a central object. For
a central mass M� and an inner disc radius r� (corresponding to rs), the accretion
luminosity L acc produced by a steady mass 
ow _M � is de�ned as [Frank et al., 2002]

Lacc =
GM �

_M �

r �
: (1.7)

This relation indicates that the luminosity scales directly with the compactness of
the accreting object, where a smaller inner radius corresponds to a more e�cient
release of energy.

A more general way to express the accretion luminosity incorporates the radiative
e�ciency parameter �,

Lacc = � _M � c2; (1.8)

where � measures how e�ciently the rest-mass energy of the accreted material is
converted into radiation [Frank et al., 2002]. For a standard thin disc around a non-
rotating Schwarzschild black hole, the inner edge of the disc is assumed to coincide
with the ISCO at r ISCO = 6 r g, as established in Section 1.1.3, resulting in a radiative
e�ciency of approximately � � 0:06. In contrast, for a maximally rotating Kerr
black hole with a� = 1, the ISCO moves inward to rg, allowing matter to descend
signi�cantly deeper into the potential well, increasing the e�ciency to approximately
� � 0:40 [Shakura and Sunyaev, 1973]. The strong dependence of � on the black
hole spin is a primary factor in the astrophysical signi�cance of the spin parameter.

At high accretion rates, the outward radiation pressure may become su�cient to
counteract the inward gravitational pull. The luminosity threshold at which these
forces reach equilibrium is known as the Eddington luminosity. This limit is de-
rived by balancing the radiation pressure against the gravitational force acting on
an ionised hydrogen plasma [Frank et al., 2002],

LEdd =
4�GM � mpc

� T
� 1:3 � 10 38

�
M �

M �

�
erg s�1 ; (1.9)
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where mp denotes the proton mass and �T represents the Thomson scattering cross-
section. The Eddington luminosity serves as a theoretical upper limit for steady
accretion, de�ning the boundary between the sub-Eddington regime, where the ge-
ometrically thin disc model is applicable, and the super-Eddington regime, charac-
terised by vertically extended structures, as discussed in Section 1.2.2.

1.3 Jets

Astrophysical jets represent some of the most energetic phenomena associated with
accreting compact objects. They appear as highly collimated plasma out
ows ob-
served across a wide range of scales, from stellar-mass black holes in X-ray binaries
(XRB) to supermassive black holes in active galactic nuclei (AGN). Despite the enor-
mous di�erence in the mass of the central object, the physical processes governing jet
production appear to be universal, with characteristic length and time scales propor-
tional to the black hole mass [Mirabel and Rodríguez, 1999]. This section provides
an overview of the observational properties of astrophysical jets and discusses the
two principal theoretical mechanisms proposed for their launching.

1.3.1 Observational properties of astrophysical jets

Astrophysical jets are identi�ed primarily by their synchrotron emission, which is
generated by relativistic electrons spiralling along magnetic �elds. This non-thermal
radiation is mainly detected at radio and infrared wavelengths and is characterised
by a power-law spectrum S� / � � , typically with a spectral index of � � �0:7.
Additional diagnostic features include high brightness temperatures, rapid variabil-
ity, and linear polarisation [Mirabel and Rodríguez, 1999]. These characteristics
are inconsistent with thermal emission processes and serve as a direct signature of
non-thermal particle acceleration occurring within the jet structure.

Observations of X-ray binaries containing stellar-mass black holes have con�rmed
that jets in these systems propagate at relativistic bulk velocities. In the source
GRS 1915 + 105, the simultaneous detection of bipolar radio ejecta moving in op-
posite directions allowed a direct measurement of the velocity of the jet. The ap-
proaching component displayed an apparent transverse velocity of 1:25c. This phe-
nomenon, known as superluminal motion, arises from light-travel-time e�ects when
a source moves at a signi�cant fraction of the speed of light towards the observer.
For GRS 1915+105, the inferred intrinsic velocity is vint = 0:92c at an inclination
of � = 70 � to the line of sight [Mirabel and Rodríguez, 1999]. Similar relativistic
motion has been observed in other sources, such as GRO J1655-40, indicating that
such high-velocity out
ows are a characteristic feature of black hole X-ray binaries.

1.3.2 Jet launching mechanisms

Two mechanisms have been proposed to explain the launching of relativistic jets
from accreting black holes. Although both models rely on large-scale magnetic �elds
threading the system, they di�er in their energy sources.
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The �rst mechanism, developed by Blandford and Payne [1982], proposes that a
magnetised Keplerian disc can drive a centrifugally accelerated out
ow along mag-
netic �eld lines anchored in the disc surface. In the ideal magnetohydrodynamics
(MHD) limit, these �eld lines are frozen into the conducting plasma and corotate
with the disc. This frozen-in condition relates the 
uid velocity ~v to the local mag-
netic �eld ~B in general coordinates' vectors through

~v =
k

4��
~B + (~! � ~r); (1.10)

where k=4� is the ratio of the mass 
ux to the magnetic 
ux along a given �eld line
(k may then be regarded as a key conserved quantity representing the mass loading
along a magnetic �eld line), � is the gas density, and ~! is the angular velocity of
the �eld line foot-point at the disc surface [Blandford and Payne, 1982]. Since ~!
is constant along each �eld line, the plasma loaded into the �eld lines is forced to
corotate with the disc.

The geometry of the poloidal �eld component governs whether the plasma is
launched from the disc surface. This can be understood by considering the e�ec-
tive potential � that combines gravity and centrifugal force experienced by a 
uid
element. Given that the element is initially at rest on a corotating �eld line, the
potential � in any point can be written as

�(R; z) = �
GM �

R0

"
1
2

�
R
R0

� 2

+
R0

(R2 + z 2)1=2

#

= const:; (1.11)

where R0 is the foot-point radius at the disc midplane. When the poloidal com-
ponent of the magnetic �eld has an angle of less than 60� with the disc plane, the
e�ective potential decreases outward along the �eld line, and the plasma is centrifu-
gally accelerated away from the disc surface [Blandford and Payne, 1982]. Field lines
inclined more steeply than this critical angle keep the plasma in stable equilibrium
and do not produce an out
ow. At large distances from the disc, the rotation of the
�eld line foot-points gradually winds up the �eld into a predominantly toroidal con-
�guration. The magnetic tension of this �eld acts as an inward hoop stress directed
toward the rotation axis, collimating the out
ow into a jet.

An alternative mechanism, focused on the extraction of rotational energy from
the black hole, was formulated by Blandford and Znajek [1977]. In this model,
a rotating black hole is threaded by an ordered poloidal magnetic �eld, which is
supported by currents within the equatorial accretion disc. This con�guration es-
tablishes a force-free magnetosphere surrounding the event horizon of the black hole.
An outward Poynting 
ux is generated along the �eld lines crossing the event hori-
zon, extracting the black hole's rotational energy electromagnetically. The resulting
power depends on the angular velocity of the �eld lines relative to that of the event
horizon [Blandford and Znajek, 1977]. This mechanism requires a rotating (Kerr)
black hole and vanishes in the non-rotating Schwarzschild limit.
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1.4 Astrophysical context

Accreting black holes are observed in two principal classes of astrophysical systems,
di�ering primarily in the mass of the central object. These range from stellar-mass
objects in Galactic X-ray binaries to supermassive black holes at the centres of distant
active galaxies, spanning many orders of magnitude in both mass and luminosity.
Despite the di�erences in characteristic scales, the same theoretical framework un-
derlies the accretion physics in both regimes. Both classes of systems are therefore
important for testing and developing accretion disc theory.

1.4.1 Stellar-mass black holes in X-ray binaries

Stellar-mass black holes are identi�ed as X-ray binary systems where a black hole
accretes material from a companion donor star. Depending on the mass of the com-
panion, these systems are classi�ed as either high-mass XRB (HMXBs) or low-mass
XRB (LMXBs). In HMXBs, the donor is typically an early-type OB star, and mass
transfer proceeds primarily via a stellar wind. In contrast, LMXBs involve a late-
type, low-mass star transferring matter through Roche lobe over
ow, a process that
inevitably leads to the formation of an accretion disc [Frank et al., 2002]. Esti-
mated masses for the black hole components in these systems typically range from
approximately 3 to 20 M� [Remillard and McClintock, 2006].

The accretion process releases gravitational potential energy predominantly as
X-ray radiation originating from the hot inner regions of the disc. This high-energy
emission makes X-ray binaries one of the brightest sources in the sky, positioning
them as critical observational laboratories for studying accretion physics and the ef-
fects of strong gravity near the black hole [Frank et al., 2002, Remillard and McClin-
tock, 2006]. A notable subset of these systems, referred to as microquasars, launch
relativistic jets and exhibit apparent superluminal motion, mirroring the behaviour
of extragalactic radio sources [Mirabel and Rodríguez, 1999]. The observed disc-jet
connection in microquasars suggests that the fundamental jet-launching mechanisms
discussed in Section 1.3 operate across many orders of magnitude in black hole mass
[Mirabel and Rodríguez, 1999].

1.4.2 Supermassive black holes in active galactic nuclei

Supermassive black holes (SMBHs) are thought to reside at the centres of most
massive galaxies [Frank et al., 2002]. These objects, with masses ranging from 106 to
1010 M � , power AGN, which are among the most luminous persistent sources in the
observable Universe, with bolometric luminosities reaching up to 1047 erg s�1 [Frank
et al., 2002]. AGN appear in a variety of observational forms, including Seyfert
galaxies and quasars, but the underlying energy source in each case is gravitational
energy released by accretion onto the central black hole [Frank et al., 2002]. A
prominent example is Sagittarius A� (Sgr A� ), the compact radio source at the centre
of our own Galaxy, with a mass of 4:15�106 M � [Gravity Collaboration et al., 2019].
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Figure 1.1: First image of Sgr A� , the supermassive black hole at the centre of the
Milky Way, obtained at 1:3 mm wavelength by the Event Horizon Telescope [Event
Horizon Telescope Collaboration et al., 2022]. The bright emission ring surrounds a
dark central shadow cast by the black hole.

The physics governing accretion in AGN is fundamentally the same as in XRB,
di�ering primarily in the characteristic mass and spatial scales involved. This uni-
versality is further supported by the observation that many AGN drive powerful
relativistic jets. These out
ows can extend from kiloparsec to megaparsec scales and
exhibit superluminal motion of compact components, providing a direct extragalac-
tic analogy to the microquasars observed on stellar scales [Mirabel and Rodríguez,
1999]. As discussed in Section 1.3, the same jet-launching mechanisms are believed
to operate in both classes of system, reinforcing the physical connection between
stellar-mass and SMBH.



Chapter 2

Gas dynamics and disc structure

All accreting matter is in a gaseous form, which means that, rather than interacting
by short-range forces, the accreting particles directly a�ect one another by collisions.
The distance a particle travels on average between collisions is called the mean free
path l. On the length scales L � l, we can assume that the gas is a continuous 
uid
described by a velocity~V , temperature T , and density � at each point. Implementing
the laws of conservation of mass, momentum, and energy lets us study the behaviour
of 
uid variables as functions of time t and position ~r.

2.1 Continuity equation

The continuity equation expresses the conservation of mass for the 
uid [Frank et al.,
2002],

@�
@t

+ ~r � (� ~V ) = 0: (2.1)

In a cylindrical coordinate system (R; �; z), assuming axial symmetry and a geomet-
rically thin disc, the continuity equation takes the form

R
@�
@t

+
@

@R
(R�V R) = 0; (2.2)

where � is the surface density, de�ned as the vertical integral of the volume density,

� =
� 1

�1
� dz: (2.3)

2.2 Equation of state

Due to the thermal motion of the particles, the gas can be characterised at each point
by a pressure P . For a non-degenerate gas, the relation between pressure, density,
and temperature is given by the ideal gas equation of state [Frank et al., 2002],

P =
k�T
�m u

; (2.4)

{ 10 {
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where k is the Boltzmann constant, mu is the unit of atomic mass , and � is the mean
molecular weight, which gives a measure of the chemical composition and ionisation
state of the gas. For example, � = 1 for neutral hydrogen and � = 1=2 for fully
ionised hydrogen.

Due to the dependence of gas pressure on both local density and temperature, it
is advantageous to introduce the isothermal sound speed, a, de�ned as

a2 =
P
�

=
kT

�m u
; (2.5)

which facilitates a more compact representation of the equation of state in the form
P = a2�. Physically, the speed of sound a governs the velocity with which small
pressure perturbations propagate through the medium under isothermal conditions.
Within the framework of the thin disc approximation, this quantity serves as a
fundamental thermal velocity scale, providing a critical benchmark against which
the azimuthal orbital velocity, V� , is evaluated. This comparison is essential for
determining the Mach number of the 
ow and consequently the vertical structure
and stability of the accretion disc.

2.2.1 Euler equation and momentum conservation

Pressure gradients within the gas give rise to net forces on each 
uid element, as
they result in a transfer of momentum across the gas. All other forces acting on the
gas are encapsulated in the force density~f . Conservation of momentum for each gas
element gives the Euler equation, also known as the equation of motion [Frank et al.,
2002],

�

 
@~V
@t

+ ( ~V � ~r) ~V

!

= � ~rP + ~f : (2.6)

In cylindrical coordinates with the thin disc approximation, the radial momentum
conservation equation becomes [Kurfürst et al., 2014]

@VR
@t

+ VR
@VR
@R

=
V 2

�

R
�

GM �

R2
�

1
�

@(a2�)
@R

+
3
2

a2

R
; (2.7)

where M� is the mass of the central object. The right-hand side of equation (2.7) con-
tains four distinct contributions. The �rst term, V 2

� =R, is the centrifugal acceleration
arising from the azimuthal motion of the gas. The second term, �GM=R2, is the
radial gravitational acceleration directed towards the central object. The third term,
�(1=�) @(a 2�)=@R, represents the force of the pressure gradient per unit mass, which
accounts for the thermal pressure support in the disc. The last term, (3=2) a2=R,
originates from the expression for gravitational acceleration in cylindrical coordinates
evaluated within the thin disc approximation, where the disc thickness is negligible
with respect to the radial distance of any point studied.

Requiring azimuthal momentum to be conserved gives [Kurfürst et al., 2014]

@V�
@t

+ VR
@V�
@R

+
VRV�

R
= f visc; (2.8)
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where fvisc is the viscous force per unit volume, representing the net azimuthal friction
force acting on a 
uid element due to the di�erential rotation between neighbouring
disc rings.

2.3 Energy equation

The principle of energy conservation for a compressible viscous 
uid requires a for-
mulation that integrates the evolution of both the kinetic and thermal components.
We de�ne the total energy density E as the sum of the kinetic and speci�c internal
energy densities [Mihalas and Mihalas, 1984],

E =
1
2

�V 2 + �"; (2.9)

where " represents the speci�c internal energy, and the velocity magnitude is given
by V 2 = V 2

R + V 2
� + V 2

z in cylindrical coordinates.
To derive the evolution of kinetic energy, we take the dot product of the velocity

vector ~V with the momentum equation, yielding

�
D
Dt

�
1
2

V 2

�
= ~r �

�
~V � T

�
+ P ~r � ~V � 	: (2.10)

Here, T denotes the Cauchy stress tensor de�ned in Section A.4, and 	 = �ij @Vi =@xj
is the viscous dissipation function, which accounts for the irreversible transformation
of the bulk kinetic motion into microscopic thermal energy. Similarly, the internal
energy evolves in accordance with the �rst law of thermodynamics.

�
D"
Dt

= �P ~r � ~V + 	 � ~r � ~q; (2.11)

where ~q is the heat 
ux vector. The term �P ~r � ~V describes energy changes due to
compression or expansion, while 	 provides the heating rate due to viscous dissipa-
tion.

By combining equations (2.10) and (2.11), the terms representing P dV work and
viscous dissipation cancel, highlighting the conservative exchange between the two
energy forms. Transforming the result into a conservative Eulerian framework via
the continuity equation leads to the total energy equation,

@E
@t

+ ~r �
h
(E + P) ~V

i
= ~r �

�
~V � � � ~q

�
; (2.12)

where � is the viscous stress tensor from equation (A.20). Equation (2.12) is the
form implemented within the CASTRO code. The left-hand side represents the local
rate of change of total energy and its advection through the enthalpy 
ux (E +P)~V ,
while the right-hand side encapsulates the work performed by viscous stresses and
losses or gains via thermal conduction.

Solving the full energy equation self-consistently remains a signi�cant numerical
challenge, primarily because it requires an exact treatment of the radiative cooling
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function and the varying opacity within the disc. Consequently, the simulations
in this work employ an isothermal approximation, in which the temperature is not
solved dynamically but is instead prescribed by a radial power-law pro�le [Kurfürst
et al., 2014],

T (R) = T 0

�
Req

R

� p

; (2.13)

where T0 is the temperature at the inner disc reference radius Req and p � 0 is a
dimensionless parameter that determines the radial temperature gradient. Under
this approximation, equation (2.12) is not solved and the disc's thermal structure
is held �xed. This simpli�cation is standard practice in thin disc modelling, where
the primary dynamical features are governed by the momentum balance and the
transition between the subsonic and supersonic 
ow regimes rather than by the local
energy budget [Kurfürst et al., 2014].

2.4 Vertical Disc Structure and Hydrostatic Equi-
librium

While the radial evolution of the disc is governed by the conservation laws derived in
the preceding sections, its vertical extent is determined by the competition between
the vertical pressure gradient and the vertical component of the gravitational force.
Under the thin disc approximation, we assume that the 
uid remains in a state of
hydrostatic equilibrium along the z-axis [Kurfürst, 2015]. This implies that vertical
accelerations are negligible compared to the primary forces, leading to the equilibrium
condition:

@P
@z

= ��g z; (2.14)

where gz represents the vertical component of the gravitational acceleration. As-
suming a point-mass gravitational potential �(R; z) as de�ned in eq.(A.15), the
corresponding vertical acceleration is expressed as

gz = �
@�
@z

= �
GM � z

(R2 + z 2)3=2
: (2.15)

In the limit of a thin disc, where the height z is signi�cantly smaller than the radial
distance R (z � R), the expression for gz simpli�es to

gz � �
GM �

R3
z = �
 2

K z; (2.16)

where 
 K =
p

GM=R3 denotes the Keplerian angular velocity. Substituting this
linear approximation into (2.14) and employing the isothermal equation of state,
P = a2�, we obtain a di�erential equation for the vertical density distribution:

@�
@z

= �

 2

K

a2
� z: (2.17)
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This relation represents a separable �rst-order ordinary di�erential equation. Inte-
gration with respect to z yields a Gaussian density pro�le:

�(R; z) = � 0(R) exp
�

�
z2

2H2

�
; (2.18)

where �0(R) is the density in the disc mid-plane (z = 0), and H is the vertical scale
height, de�ned as

H =
a


 K
= a

s
R3

GM �
: (2.19)

The scale height H serves as the characteristic measure of the disc's vertical thick-
ness at a given radius. The total surface density, �, is subsequently recovered by
integrating the density pro�le over the entire vertical range:

�(R) =
� 1

�1
�(R; z) dz =

p
2� H � 0(R): (2.20)

The validity of the thin disc approximation rests on the requirement that H � R
[Frank et al., 2002], which, according to equation (2.19), is equivalent to the condition
that the azimuthal motion is highly supersonic (V� � a). This criterion is typically
satis�ed in the inner regions of the accretion discs, where the deep gravitational
potential maintains high orbital velocities relative to the local thermal energy. Fur-
thermore, the scale height is intrinsically linked to the transport of angular momen-
tum; in the Shakura-Sunyaev prescription, the kinematic viscosity is parametrised
as � � �aH [Kurfürst et al., 2014, Shakura and Sunyaev, 1973]. This coupling
demonstrates that the vertical strati�cation and radial dynamics of the disc are not
isolated phenomena but are fundamentally interconnected through the mechanism
of turbulent viscosity.

2.5 Viscosity and the Shakura-Sunyaev prescrip-
tion

In the axisymmetric (@=@� = 0) and geometrically thin case, the viscous force density
is given by [Kurfürst et al., 2014]

f visc =
@TR�

@R
+

2TR�

R
; (2.21)

where TR� denotes the R-� component of the viscous stress tensor, which describes
the tangential stress between the adjacent radial layers of the disc. Taking into
account the turbulent motion of the gas, the kinematic viscosity � can be written as

� = �
a2R
V�

� �aH; (2.22)

where � is the dimensionless Shakura-Sunyaev parameter [Shakura and Sunyaev,
1973] and H is the vertical scale height of the disc.
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BH

M

R

z

disc surface

H(R)

Figure 2.1: Schematic cross-section of a geometrically thin accretion disc in cylindri-
cal coordinates (R; z). The vertical scale height H(R), de�ned by equation (2.19),
characterises the local disc thickness at each radius. The �lled circle represents the
central compact object of mass M� .

The viscous force density fvisc is usually represented using the �rst-order linear
viscosity term,

f (1)
visc = �

1
R2�

@
@R

�
�a 2R2�

�
: (2.23)

Including the full second-order Navier-Stokes viscosity term, the right-hand side of
equation (2.8) takes the form of

f (2)
visc =

1
R2�

@
@R

�
�a 2R3�

@ ln V�
@R

� �a 2R2�
�

: (2.24)

The radial pro�le of � is generally not constant throughout the disc. We therefore
adopt the power-law parametrisation

� = � 0

�
Req

R

� n

; (2.25)

where � 0 is the value of � at the inner disc boundary and n � 0 is a free parameter
that describes the radial dependence of viscosity. An equivalent result is recovered
from the angular momentum conservation equation [Pringle, 1981, Frank et al., 2002],

@
@t

�
�R 2


�
+

1
R

@
@R

�
�V RR3


�
=

1
2�R

@G
@R

; (2.26)

where 
 = V � =R is the angular velocity and G is the viscous torque acting between
two neighbouring disc segments,

G = 2��a 2�R 3 @ ln 

@R

: (2.27)

2.6 Stationary Thin disc Approximation

The comprehensive time-dependent equations derived in the previous sections can
be signi�cantly simpli�ed by adopting the stationary thin disc approximation. This
framework is de�ned by the simultaneous imposition of three physical constraints:
the disc is assumed to be in a steady state (@=@t = 0), it is geometrically thin
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and vertically integrated (@=@z = 0), and it possesses axial symmetry (@=@� = 0).
Under these assumptions, the 
uid properties are reduced to functions of the radial
coordinate R only [Kurfürst, 2015].

Applying the condition of stationarity to the continuity equation leads to:

@
@R

(R�V R) = 0; (2.28)

implying that the product R�V R remains spatially invariant across the disc. This
constant is physically identi�ed with the mass accretion rate, _M � , representing the
mass 
ux through a cylindrical surface per unit time:

_M � = �2�R�V R = const: (2.29)

According to standard convention, the negative sign ensures that_M > 0 for an
inward radial 
ow (V R < 0). The accretion rate is a fundamental parameter that
determines the overall energetic output and luminosity of the system.

In the stationary limit, the radial momentum equation simpli�es to a balance
between gravitational pull, centrifugal acceleration, and the radial pressure gradient.
For a cold disc, where thermal pressure support is negligible compared to the ro-
tational velocity (a � V � ), the momentum balance is dominated by the centrifugal
and gravitational terms:

V 2
�

R
�

GM �

R2
: (2.30)

This equilibrium results in an azimuthal velocity pro�le that is approximately Kep-
lerian, V� � V K , consistent with equation (A.17). Small deviations from this pro�le
occur only due to the residual e�ects of viscous stresses and minor pressure gradients.

Combining equation (2.28) with the angular momentum equation and imposing
the condition that the viscous torque vanishes at the outer boundary Rout , the radial
drift velocity of a stationary Keplerian disc can be related to the kinematic viscosity
[Kurfürst, 2015]:

VR � �
3�aH

2R

" r
Rout

R
� 1

#�1

; (2.31)

where Rout denotes the radius at which the viscous torque vanishes. Equation (2.31)
illustrates that the radial inward drift is signi�cantly slower than both the local sound
speed and the orbital velocity. This hierarchy of velocities (jVR j � a � V � ) con�rms
the self-consistency of the thin disc model. Consequently, the disc material spirals
inward on the viscous timescale, tvisc � R 2=�. Given that this timescale is typically
several orders of magnitude greater than the orbital period torb = 2�=
 K , the disc
can be treated as a quasi-stationary structure over many orbital revolutions.
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Numerical methods

3.1 The CASTRO code

The numerical simulations discussed in this thesis were carried out with CASTRO,
an open-source solver for compressible astrophysical hydrodynamics originally devel-
oped at Lawrence Berkeley National Laboratory and currently maintained within the
AMReX-Astrophysics collaboration [Almgren et al., 2010]. The code was adopted
mainly because it provides a native implementation of the compressible hydrody-
namic equations in cylindrical coordinates and combines this formulation with adap-
tive mesh re�nement (AMR), which is advantageous for accretion-disc problems
where both the geometry and the relevant spatial scales span a wide dynamic range.
The AMReX software framework underpinning CASTRO, together with the speci�c
setup employed in the present work, is outlined in the following subsections.

3.1.1 General description and capabilities

CASTRO 
ows on a �xed Eulerian mesh, with support for adaptive mesh re�nement
[Almgren et al., 2010]. The code is written in a combination of C++ and Fortran90
and is designed for large-scale parallel simulations. Parallelisation is achieved using
MPI for communication between computing nodes and OpenMP for shared-memory
parallelism within a node, and the code can also run on GPU-based systems [Katz
et al., 2020]. Simulations can be run in one, two, or three spatial dimensions, and
the code supports Cartesian, cylindrical, and spherical coordinate systems [Almgren
et al., 2010].

Beyond pure hydrodynamics, CASTRO includes optional modules for
self-gravitation, nuclear reaction networks, and radiation hydrodynamics, depending
on the physical problem being studied [Almgren et al., 2010]. In this thesis, we focus
on the hydrodynamic and gravitational structure of the accretion 
ow; therefore, a
gamma-law equation of state is employed, while nuclear reaction networks are not
activated. This simpli�es the model and focuses on the dynamics of the disc.

The hydrodynamic equations are integrated using an unsplit implementation of
the piecewise parabolic method (PPM), which is described in detail in Section 3.1.3.
CASTRO further supports temporal sub-cycling, i.e. the use of smaller time steps

{ 17 {
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on re�ned AMR levels than on coarser levels, and the re�nement does not require a
�xed relationship between coarser and �ner grid patches [Almgren et al., 2010].

The simulation data are written using the AMReX plot�le format. This output
is organised as a directory structure that contains all data from the AMR grid at
each output time and is compatible with standard post-processing and visualisation
tools, including yt and VisIt [Almgren et al., 2010].

3.1.2 The AMReX framework and adaptive mesh re�ne-
ment

CASTRO is built on AMReX, an open-source software framework for
block-structured adaptive mesh re�nement applications [Zhang et al., 2019]. AMReX
provides the underlying data structures, parallel communication routines, and grid
management routines on which CASTRO physics solvers operate and is designed to
run e�ciently on both CPU- and GPU-based architectures.

The AMR methodology implemented in AMReX organises the computational
domain as a nested hierarchy of logically rectangular grids, ranging from a coarsest
base level to a �nest level determined at runtime. Each level consists of a union of
non-overlapping rectangular patches of a given resolution, and �ner levels are prop-
erly nested within coarser ones, meaning that every �ne-level patch is fully contained
within the union of patches at the level immediately below it. The re�nement ratio
between adjacent levels is typically a factor of two or four, applied uniformly in all
coordinate directions [Almgren et al., 2010].

The grid hierarchy is not �xed for the entire simulation. Instead, it is updated
regularly based on criteria speci�ed by the user, such as large gradients in density
or pressure. Cells that meet these criteria are marked for re�nement and grouped
into new rectangular patches at the next level using a dedicated clustering algorithm
[Berger and Rigoutsos, 1991]. Cells that no longer meet the criteria are returned to
the lower-resolution grid.

Each level of the grid hierarchy is advanced in time using a time step appropriate
to its own resolution. Because �ner grids have smaller cells, they require smaller
time steps to remain numerically stable. A �ne level, therefore, takes several steps
for every single step of the coarser level beneath it. Once the �ne level has caught
up in time with the coarse level, the two solutions are merged: the �ne level data
are averaged onto the coarse grid, and any small conservation errors that arise at
the boundary between the two levels are corrected [Almgren et al., 2010].

In the context of accretion disc simulations, AMR is particularly valuable because
the physical processes of interest are concentrated near the central object, where
density gradients are steep and high spatial resolution is required, while the outer disc
regions can be represented at coarser resolution without signi�cant loss of accuracy.

3.1.3 Hydrodynamic solver

CASTRO solves the fully compressible equations of hydrodynamics in conservation
form, as described by Almgren et al. [2010]. The three governing equations express
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the conservation of mass, momentum, and total energy:

@�
@t

= �r � (�u) + S ext;� ; (3.1)

@(�u)
@t

= �r � (�uu) � rp + �g + S ext;�u ; (3.2)

@(�E)
@t

= �r � (�uE + pu) + �u � g + �H nuc + S ext;�E : (3.3)

Here � is the mass density, u is the velocity vector, p is the thermal pressure, g
is the gravitational acceleration vector, and E = e + juj2=2 is the total energy per
unit mass, which is the sum of the speci�c internal energy e and the speci�c kinetic
energy. The pressure does not evolve directly but is derived from the conserved
variables through the gamma-law equation of state introduced in Section 2.2. The
terms Sext denote the terms speci�ed by the user of external sources , and Hnuc is
the rate of nuclear energy generation.

In the simulations presented in the thesis, several of these source terms are inac-
tive. Nuclear reaction networks are not employed, so Hnuc = 0 and the mass fraction
equations are not evolved. Radiation hydrodynamics is likewise disabled, and all
external source terms are set to zero. The only active source is the gravitational
acceleration g arising from the central point mass, which enters both the momen-
tum and energy equations and is described in Section 3.1.4. The system, therefore,
reduces to the compressible Euler equations with a gravitational source term.

These equations are discretised using the piecewise parabolic method (PPM) of
Colella and Woodward [1984], a �nite-volume scheme in which a parabolic pro�le is
reconstructed within each grid cell at every time step. The reconstructed states at
cell interfaces are used to compute the 
uxes that advance the conserved variables
forward in time. The complete multi-dimensional update is performed in a single
unsplit step following Miller and Colella [2002], and the time step is controlled by
the Courant{Friedrichs{Lewy (CFL) stability condition with a CFL number of 2=3.

3.1.4 Gravitation implementation

In CASTRO, gravitation is added as a source term in the momentum and energy
equations described in Section 3.1.3. The gravitational acceleration vector, de�ned
as g = �r�, connects the gravitational potential � directly to the hydrodynamic
evolution. There are three options for computing this potential: a constant grav-
itational acceleration, a monopole approximation, or a full solution of the Poisson
equation [Almgren et al., 2010]. The gravitation type is chosen at runtime in the
inputs �le, which makes it easy to select the level of approximation that �ts the
physical problem being studied.

Beyond these standard solvers, CASTRO also supports adding a point mass
contribution to the gravitational potential. Because the Poisson equation is linear,
the gravitational acceleration from the point mass is simply added on top of the
acceleration from the main gravitational solver. This means that the point mass
option works with all three gravitational types. The code also allows the density
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in the grid cells immediately around the point mass to be kept constant at each
time step, so that any mass moving into those cells from the surrounding 
uid is
transferred to the point mass instead of building up on the grid. This gives a simple
numerical model for mass accretion onto a compact central object.

The gravitational energy source term can be handled in several ways. The most
accurate option evaluates the energy change at cell faces using the hydrodynamic
mass 
uxes rather than at cell centres. This conservative approach is important for
keeping the total energy preserved throughout the simulation, which is especially
important for long-duration accretion disc calculations [Almgren et al., 2010].

As discussed in Section A.3, the standard Newtonian point-mass potential does
not reproduce relativistic features such as the innermost stable circular orbit. The
Paczy�nski{Wiita pseudo-Newtonian potential would be a better approximation near
the black hole, but it is not used in the current CASTRO setup. This is a known
limitation of the current simulations and is discussed further in Chapter 6.

3.2 SEDONA

The CASTRO simulations described in the preceding section were performed with
the radiation module disabled, meaning that the code solves only the hydrodynamic
and magnetohydrodynamic equations without coupling to the radiation �eld. As
a consequence, the emergent spectra of the accretion 
ow cannot be obtained di-
rectly from the simulation output and must instead be computed in a separate post-
processing step.

For this purpose, we employ SEDONA, a multi-dimensional Monte Carlo ra-
diative transfer code developed by Kasen et al. [2006]. In the Monte Carlo ap-
proach adopted by SEDONA, the radiation �eld is discretised into a large number
of monochromatic energy packets, each representing a collection of photons at a
given frequency [Kasen et al., 2006]. These packets are emitted from within the gas
and propagated through the computational domain, where they undergo scattering
and absorption events; the probability of each interaction is determined by the local
opacity at the packet's current position. The ionisation and excitation states of the
gas are treated under the assumption of local thermodynamic equilibrium (LTE)
[Kasen et al., 2006]. Once the packets escape the domain, the emergent spectrum is
assembled as a function of both frequency and viewing angle, with � = cos �, where
� is the polar angle measured from the rotation axis.

Although SEDONA was originally developed for the study of supernova atmo-
spheres, the underlying Monte Carlo radiative transfer method is general enough
to be applied to other astrophysical con�gurations. The spatial grid supports one-
dimensional spherical, two-dimensional cylindrical, and three-dimensional Cartesian
geometries [Kasen et al., 2006], the last of which is fully consistent with the CASTRO
MHD setup described in Chapter 4. The iterative convergence scheme employed by
SEDONA cycles through successive estimates of the temperature structure and opac-
ity until the radiation �eld reaches a state of radiative equilibrium, de�ned as the
point at which the rate of photon absorption equals the rate of thermal emission
at every point in the domain [Kasen et al., 2006]. The convergence of the Monte
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Carlo method has been shown to be rapid and stable, even for complicated multi-
dimensional con�gurations [Kasen et al., 2006].

In the present work, the input model for SEDONA was constructed directly
from the three-dimensional MHD CASTRO output �les. Speci�cally, the spatial
distributions of density, temperature, and the three components of the velocity �eld
were extracted and converted to the SEDONA input format. The code was then
run iteratively until the radiation �eld converged to a state of radiative equilibrium,
as described above. Separate radiative transfer calculations were performed for each
magnetic �eld con�guration considered in the simulations. The resulting spectra were
subsequently post-processed to extract the wavelength-dependent 
ux for selected
viewing angles and to compute both the bolometric luminosity and the bolometric
magnitude as functions of viewing angle. The speci�c spectral resolution and the
number of viewing angles adopted in the calculations are described in Chapter 4.



Chapter 4

Simulation setup

In this thesis, two simulations are used to study accretion dynamics and jet forma-
tion. A two-dimensional hydrodynamic simulation, performed in cylindrical coordi-
nates, serves as the fundamental model of the accretion disc. The second simulation
adds a magnetic �eld to examine how it a�ects the disc structure and the jets that
are already developing in the hydrodynamic simulation. While the former uses cylin-
drical symmetry, the latter is implemented in a Cartesian coordinate system. This
is required due to a limitation of CASTRO, as its MHD solver is not available for
cylindrical grids [Almgren et al., 2010]. To allow for a direct comparison between the
purely hydrodynamic and magnetohydrodynamic regimes, both simulations use the
same physical parameters, including the domain dimensions, the central black hole
mass, the equation of state, and the total integration time. Another limitation stems
from the fact that CASTRO does not allow for the inclusion of general relativistic
e�ects; for this reason, the maximum possible speed in our models was somewhat
arti�cially limited to 0:9c in order to avoid potentially non-physical evolution. It
should be noted, however, that only a few local cases of a possible violation of this
speed limit appeared in the simulation.

4.1 2D cylindrical hydrodynamic simulation

The two-dimensional simulation models the accretion disc in cylindrical coordinates
(R; z), exploiting the axial symmetry of the system. The computational domain ex-
tends from R 2 [0; 1:8 �10 15] cm in the radial direction and z 2 [�1:8 �10 15; +1:8 �
1015] cm in the vertical direction, which corresponds to a physical scale of approxi-
mately 1:2�10 2 au in each dimension. The domain is discretised on a uniform grid of
2400 � 4800 cells, yielding a constant cell size of �x = 7:5 � 10 11 cm. Adaptive mesh
re�nement is deactivated for this setup, consequently, the spatial resolution remains
uniform throughout the domain and across the entire integration period. On the
symmetry axis (R = 0), a re
ecting boundary condition is imposed, enforcing a zero
normal velocity and a zero normal gradient for all other physical quantities. Out
ow
boundary conditions are applied to all remaining boundaries, allowing material to
exit the domain freely without numerical re
ections.

The central black hole is treated as a point mass of M� = 4 � 10 6 M � situated at

{ 22 {
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the origin. Mass accretion is modelled by removing 
uid that enters the innermost
grid cells and adding it to the central point mass. The gravitational potential is
determined by solving the Poisson equation at each time step using the PoissonGrav
solver provided by CASTRO [Almgren et al., 2010]. The remaining physics modules,
including magnetohydrodynamics, radiation hydrodynamics, and nuclear reaction
networks, are disabled. The gas is described by a gamma-law equation of state with
an adiabatic index of 
 = 5=3 and a mean molecular weight of � = 0:62, appropriate
for a fully ionised plasma of solar composition.

The initial density distribution comprises two components. The disc component
follows the vertical Gaussian pro�le established in Eq. (2.18), where the local scale
height H(R) is de�ned according to Eq. (2.19). The mid-plane density �0(R) is then
normalised at the inner boundary radius rBH = 1:186 �10 12 cm using the Eddington
accretion rate _MEdd .

An ambient medium component of the form

� CSM (r) =
� B rB

r
; (4.1)

with � B = 1:612 � 10 �23 g cm�3 and rB = 5:34 � 10 17 cm, is added to prevent the
formation of numerical vacuum regions in the outer domain. The temperature is
initialised with a power-law pro�le,

T (r) = T 0

� rBH

r

� 3=4
; (4.2)

where T0 is the e�ective temperature at rBH , determined from the standard thin-disc
relation evaluated at the Eddington accretion rate [Shakura and Sunyaev, 1973]. The
initial velocity �eld follows a Keplerian azimuthal pro�le,

V� (R; z) =
p

GM �
R

(R2 + z 2)3=4
; (4.3)

which reduces to VK =
p

GM � =R in the disc mid-plane, consistent with equa-
tion (A.17). The radial and vertical velocity components are set to zero at t = 0 d:
The Shakura-Sunyaev viscosity parameter � = 0:1 enters the initial conditions
through its e�ect on the ratio between the azimuthal and radial velocity compo-
nents at the disc base rBH , as prescribed in the problem initialisation routine. The
viscosity parameter is taken to be spatially uniform throughout the domain. This
corresponds to n = 0 in the power law parametrisation of equation (2.25). No
explicit viscous source terms are added to the momentum equation during temporal
evolution. Instead, the simulation solves the compressible Euler equations with a
gravitational source term, where angular momentum transport arises from the nu-
merical viscosity inherent to the PPM solver. This approach constitutes a known
limitation of the current setup, and its implications for the interpretation of the
results are addressed in Chapter 6.

Time integration is performed using the unsplit PPM scheme described in Sec-
tion 3.1.3 [Almgren et al., 2010] with a CFL number of 2=3. To prevent superluminal
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velocities near the point mass, where Keplerian speeds under a Newtonian poten-
tial can approach a signi�cant fraction of the speed of light, a velocity ceiling of
vlim = 2:4 � 10 10 cm s�1 � 0:8c is enforced. A sponge layer is applied between
r = 3 � 10 12 cm and r = 6:5 � 10 12 cm with a characteristic timescale of 104 s to
suppress numerical oscillations near the inner boundary. The simulation was inte-
grated until the hydrodynamic out
ow reached the domain boundaries, indicating
that the system had achieved a quasi-steady state. This occurred at t � 5:4 � 106 s,
corresponding to approximately 62 days, with plot �les written every 104 s.

4.2 3D Cartesian MHD solution

The second set of simulations extends the model to three spatial dimensions and
incorporates a magnetic �eld, with the aim of investigating how the �eld strength
a�ects the disc structure and the character of the resulting out
ow. Due to the
limitations of the magnetohydrodynamic solver within the CASTRO framework
regarding cylindrical coordinate systems, these simulations are conducted using a
three-dimensional Cartesian grid. The computational domain encompasses x; y; z 2
[�1:8 � 10 15; +1:8 � 10 15] cm in all coordinate directions. This volume is discre-
tised on a uniform grid of 3603 cells, which yields a constant spatial resolution of
�x = 10 13 cm. Adaptive mesh re�nement is not employed in this con�guration.
Out
ow boundary conditions are applied to all six domain boundaries. The sponge
layer used in the two-dimensional simulations is deactivated for this setup. The cen-
tral black hole mass, the equation of state, the gravitational solver and the simulation
stop time are identical to the parameters described in Section 4.1. This consistency
ensures a reliable physical basis for the comparison between the hydrodynamic and
magnetohydrodynamic approaches.

The magnetic �eld is initialised as a magnetic dipole aligned with the z-axis. By
expanding the coordinate-free expression for a dipole �eld into Cartesian components
[Gri�ths, 2017], the three �eld components are de�ned as follows:

Bx =
3m1xz

r 5
; By =

3m1yz
r 5

; Bz =
3m1z2

r 5
�

m1

r 3
; (4.4)

where r = (x 2+y 2+z 2)1=2 represents the spherical radial distance and m1 denotes the
dipole moment parameter, given in units of erg G�1 = G cm3. To prevent numerical
instabilities at the origin, the magnetic �eld is set to zero within the black hole radius
rBH = 1:186 � 10 12 cm.

Three separate simulations are conducted with increasing �eld intensities, referred
to throughout this thesis as the weak-�eld, mid-�eld, and strong-�eld con�gurations.
These correspond to �eld strengths of 50 G, 100 G, and 200 G respectively, evalu-
ated at the gravitational radius rg = GM � =c2. The corresponding dipole moment
parameters are m1 = 8:341 � 10 37, 1:668 � 10 38, and 3:336 � 1038 erg G�1 for the
weak-�eld, mid-�eld, and strong-�eld cases, respectively. The weak-�eld and mid-
�eld values fall within the range of ordered magnetic �eld strengths estimated from
multi-wavelength observations of the inner accretion 
ow of Sgr A� , where typical
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values lie in the range of approximately 10{100 G [Michail et al., 2024]. The strong-
�eld case at 200 G is included as an exploratory upper limit, as �eld strengths of
this magnitude near the event horizon are not excluded by general relativistic MHD
modelling [Ressler et al., 2020].



Chapter 5

Simulation results and analysis

5.1 2D Cylindrical hydrodynamic simulation

The initial con�guration of the simulation, as illustrated in Figure 5.1, establishes
a geometrically thin accretion disc residing within the mid-plane (z = 0). The
density pro�le exhibits a steady decrease with increasing radial distance, following
the prescribed initial conditions detailed in Section 4.1. This disc is embedded within
a low-density circumstellar medium that provides a uniform background across the
computational domain. At t = 0 d, both the radial and vertical velocity components
are initialised to zero, while the azimuthal component follows the Keplerian pro�le
described in Section 4.1.

The emergence of out
owing material is �rst observed in t = 16 d (see Figure 5.2,
left column). The density distribution at this stage reveals the formation of a com-
pact, dome-shaped bubble in the innermost regions, reaching an altitude of approxi-
mately z � 0:3 �10 15 cm. This feature originates near the inner boundary, where the
infalling gas encounters a pressure barrier resulting from the numerical treatment of
the central point mass. Consequently, the material is redirected vertically. The cor-
responding vertical velocity map con�rms this behaviour; upward motion is intensely
concentrated along the rotation axis (R � 0), where velocities reach the upper limit
of the colourbar. Meanwhile, the rest of the domain remains largely undisturbed,
and the disc mid-plane shows no signs of signi�cant perturbation.

By t = 33:5 d, the out
ow undergoes a rapid expansion, �lling the inner half
of the domain (Figure 5.2, centre column). The density morphology transitions
into a distinctly turbulent regime, characterised by elongated features and irregular
contrasts at the interface with the ambient medium. Such structures are indica-
tive of Kelvin{Helmholtz instabilities, which are triggered by the signi�cant velocity
shear at the contact discontinuity between the high-velocity out
ow and the slower
surrounding gas. The vertical velocity �eld displays a clear radial gradient, with
peak values maintained along the rotation axis and vz gradually decreasing with
increasing R. The outermost boundary of the out
ow corresponds to the swept-up
ambient gas, moving at more moderate velocities compared to the fast axial compo-
nent. Throughout this expansion phase, the disc mid-plane continues to maintain
its intact structure.

{ 26 {
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Figure 5.1: Logarithmic density map of the initial conditions at t = 0 d. The ac-
cretion disc is con�ned to the mid-plane (z = 0) and extends across the full radial
extent of the domain. No out
ow is present at this stage.

The �nal snapshot at t = 137 d (Figure 5.2, right column) shows the system in
a quasi-steady state. The out
ow has �lled most of the domain, and the turbulent
structure present during the expansion phase has partially settled into a more uniform
con�guration.

A primary result of this simulation is that the accretion disc remains stable and
geometrically thin over the entire evolution, demonstrating that the energy deposited
into the surrounding medium is insu�cient to disrupt the disc structure under these
hydrodynamic conditions. The vertical velocity �eld retains its characteristic axial
concentration, with elevated vz values along the rotation axis from the inner bound-
ary to the upper edge of the domain.

Since no magnetic �eld is present in this purely hydrodynamic simulation, the
observed out
ow takes the form of a pressure-driven bipolar wind rather than a
magnetically collimated jet, with the axial concentration of vz arising from the system
geometry and the thermal pressure gradient driving material primarily along the
rotation axis.

It should be noted that the extreme velocities visible near R = 0 at small z satu-
rate the colourbar and are consistent with the velocity ceiling vlim = 2:4�10 10 cm s�1

enforced to prevent superluminal velocities near the point mass, as described in
Section 4.1. These boundary-adjacent values should therefore be interpreted with
caution and viewed as numerical artefacts rather than purely physical high-velocity
components. The broader implications of neglecting explicit viscosity and magnetic
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Figure 5.2: Time evolution of the 2D cylindrical hydrodynamic simulation. Top row:
logarithmic density maps at t = 16, 33:5, and 137 d. Bottom row: corresponding ver-
tical velocity vz maps. The disc mid-plane remains intact throughout. The out
ow
transitions from a compact inner structure at t = 16 d to a domain-�lling bipolar
wind by t = 137 d, with axially concentrated upward velocities evident throughout.

�elds are further analysed in Chapter 6.

5.2 3D Cartesian MHD simulations

All visualisations of the three-dimensional simulations presented in this section were
produced using the VisIt software package by extracting a two-dimensional slice of
the three-dimensional data at y = 0, resulting in the xz-plane passing through the
rotation axis.
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5.2.1 Weak-�eld con�guration

The initial setup of the weak-�eld simulation, shown in Figure 5.3, mirrors the geo-
metrically thin accretion disc of the two-dimensional model, now implemented within
a three-dimensional Cartesian domain. At t = 0 d, the radial and vertical velocity
components are set to zero, whereas the azimuthal velocity pro�le follows the Kep-
lerian pro�le described in Section 4.1.

Figure 5.3: Logarithmic density map of the initial conditions at t = 0 d for the weak-
�eld (B = 50 G) 3D Cartesian MHD simulation, shown in the xz-plane.

The onset of evolution, captured at t � 5:0 d in Figure 5.4, is marked by the
development of a compact bipolar structure near the central object. In the density
maps, this manifests as small, rounded lobes positioned symmetrically above and
below the mid-plane. The apparent multi-lobe morphology is likely a numerical
artefact of the dipole �eld interacting with the Cartesian grid, rather than an intrinsic
physical instability. Vertical velocity maps at this epoch con�rm that the emerging
out
ow remains con�ned to the central region, with only modest vertical velocities.

By t � 9:5 d, the out
ow has expanded signi�cantly, forming two prominent
bipolar lobes that occupy the inner half of the computational domain. The density
maps reveal low-density cavities within these lobes, surrounded by a denser shell
of compressed material, consistent with a bubble expanding through the ambient
medium. Velocity �elds indicate that the gas within both lobes has reached the
maximum of the displayed velocity range of 2:7 � 105 km s�1 . Furthermore, the
northern lobe displays a complex, turbulent internal structure. Throughout this
expansion, the disc mid-plane remains geometrically thin and intact.

Upon reaching a quasi-steady state at t � 18:5 d, the northern lobe has reached
the upper domain boundary. Near the disc, the out
ow assumes a conical geometry,
with the highest velocities concentrated along the rotation axis. A notable asymme-
try between the northern and southern hemispheres is observed, with the northern
component being more extended. This asymmetry is a genuine three-dimensional
e�ect, which cannot arise in the two-dimensional simulation due to its imposed axial
symmetry. The disc mid-plane remains undisturbed for the duration of the simula-
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Figure 5.4: Time evolution of the weak-�eld (B = 50 G) 3D Cartesian MHD simula-
tion, shown in the xz-plane. Top row: logarithmic density. Middle row: full bipolar
vertical velocity vz. Bottom row: upward component v+z � 0 only, revealing the
internal structure of the northern lobe.

tion. The character of the out
ow is that of a wide-angle magnetised wind rather
than a collimated jet.

The temperature distribution in quasi-steady state (Figure 5.5) shows a cold disc
mid-plane consistent with the initial power-law pro�le. The cold disc is surrounded
by a hot inner region where temperatures reach 1010 { 5 � 10 11 K at the base of the
out
ow, mainly due to adiabatic compression. The out
owing lobes exhibit tem-
peratures ranging from 109 to 1010 K, decreasing toward the periphery. Since the
current numerical framework does not incorporate radiative cooling, these temper-
atures are likely to be overestimated compared to physical conditions, a limitation
further addressed in Chapter 6.

To provide a quantitative assessment of the morphology of the fully developed
out
ow, the full opening angles of its individual component were estimated at z =
0:6 � 10 15 cm. At this altitude, the jet structure is su�ciently established, while
remaining relatively una�ected by instabilities in the domain. In this con�guration,
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the out
ow is characterised by a broad, high velocity spine with a full opening angle
of approximately 80� . This core is enveloped by a signi�cantly slower and wider layer
(sheath) that spans approximately 101� . This multi-component transverse velocity
pro�le is qualitatively consistent with the spine-sheath jet structures observed in
ANG [Bruni et al., 2021].

Figure 5.5: Logarithmic temperature map of the weak-�eld (B = 50 G) simulation
at quasi-steady state (t � 18:5 d), shown in the xz-plane.

5.2.2 Mid-�eld con�guration

The mid-�eld con�guration employs a dipole moment of m1 = 1:668 � 10 38 erg G�1 ,
which corresponds to a magnetic �eld strength of B = 100 G at the gravitational
radius. This increased �eld strength leads to a higher Alfvén velocity within the disc,
which signi�cantly constrains the CFL time step. Consequently, the computational
demand per unit of physical time is elevated, limiting the total simulated time for
this con�guration to approximately 9:0 � 10 5 s (10:4 d). Despite this temporal limi-
tation, the implications of which are further addressed in Chapter 6, the magnetised
out
ow successfully reaches the domain boundaries in both hemispheres, satisfying
the quasi-steady criterion established in Section 4.2. The corresponding evolution of
the density and vertical velocity �elds is illustrated in Figure 5.6 at three represen-
tative times: t � 5:0 d, 7:4 d, and 10:4 d. At t � 5:0 d, a compact bipolar out
ow is
already established near the central object. At the same time, the inner regions of the
disc exhibit vertical in
ation driven by the increasing magnetic pressure. The density
morphology at this stage displays the same characteristic multi-lobe pattern as in the
weak-�eld case at a comparable stage. As previously analysed in Section 5.2.1, this
structure is considered a numerical artefact arising from the interaction between the
dipole �eld geometry and the Cartesian grid. The recurrence of this pattern across
di�erent �eld strengths reinforces this interpretation. At this early stage, the verti-
cal velocity �eld indicates a relatively weak upward motion, primarily concentrated
close to the central object.
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By t � 7:4 d, the system undergoes a rapid dynamical transition. The domain
becomes dominated by two large, rounded out
ow lobes extending to approximately
z � �1:5�10 15 cm. The interiors of these lobes are characterised by low-density cav-
ities, where the density drops below � 10�21 g cm�3 . Turbulent �laments of denser
material are observed extending into these cavities, suggesting the onset of hydrody-
namical instabilities at the interface between the out
ow and the ambient medium.
The vertical velocity �eld reaches approximately 2:7�105 km s�1 throughout the ma-
jority of the volume of the northern lobe. A slight hemispheric asymmetry is already
detectable, as the northern lobe appears to be more extended than the southern one.

The simulation reaches a quasi-steady state by t � 10:4 d, at which point the
northern lobe has encountered the upper domain boundary. While the internal tur-
bulent structures within the lobes increase in complexity, the overall bipolar morphol-
ogy remains stable. The accretion disc mid-plane remains intact and geometrically
thin throughout the entire run. Similarly to the weak-�eld case, the out
ow does not
exhibit signi�cant spatial collimation and takes the form of a wide-angle magnetised
wind. The thermal properties of the quasi-steady state are shown in Figure 5.7. The

Figure 5.6: Time evolution of the mid-�eld (B = 100 G) 3D Cartesian MHD sim-
ulation, shown in the xz-plane. Top row: logarithmic density maps. Bottom row:
corresponding vertical velocity vz maps. The disc mid-plane remains intact through-
out. The out
ow transitions from a compact central structure at t � 5:0 d to a
domain-�lling bipolar wind by t � 10:4 d.

temperature distribution follows the same pattern described for the weak-�eld case:
the disc mid-plane remains cold (T < 105 K), while a hot inner zone forms at the
base of the out
ow, reaching temperatures of approximately 5 � 1011 K. The out-

owing lobes maintain temperatures between 109 and 1010 K, with a gradual decline
toward the outer boundaries. As before, the absence of radiative cooling in CASTRO
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implies that these temperatures are overestimated relative to physical conditions, a
point further addressed in Chapter 6.

Figure 5.7: Logarithmic temperature map of the mid-�eld (B = 100 G) simulation
at quasi-steady state (t � 10:4 d), shown in the xz-plane.

5.2.3 Strong-�eld con�guration

The strong-�eld simulation uses a dipole moment of m1 = 3:336 � 10 38 erg G�1 , cor-
responding to a magnetic �eld strength of B = 200 G at the gravitational radius. As
observed in the mid-�eld con�guration (Section 5.2.2), the elevated Alfvén velocity
imposes a more severe constraint on the CFL time step, limiting the total simulated
physical time to approximately 3:1�105 s (� 3:6 d). Despite this temporal restriction,
the magnetised out
ow reaches the domain boundaries in both hemispheres before
the conclusion of the run, thereby satisfying the quasi-steady criterion established in
Section 4.2.

The temporal evolution of the density and vertical velocity �elds is illustrated in
Figure 5.8 at three representative times: t � 1:45 d, t � 2:78 d, and t � 3:59 d. At
t � 1:45 d, the density morphology exhibits the characteristic multi-lobe structure
previously described in Section 5.2.1, which is attributed to the interaction between
the dipole �eld geometry and the Cartesian grid discretisation. At this stage, the ver-
tical velocity remains con�ned to the innermost regions with amplitudes signi�cantly
below the colourbar maximum, while the disc mid-plane remains undisturbed.

By t � 2:78 d, the out
ow has expanded, forming large bipolar lobes that occupy
a large portion of the computational domain. Low-density cavities are clearly visible
within these lobes, and the vertical velocity �eld saturates the colour scale throughout
the majority of the out
ow volume. A hemispheric asymmetry between the northern
and southern lobes is present, consistent with the inherent three-dimensional e�ects
identi�ed in Section 5.2.1. By t � 3:59 d, the out
ow has reached the domain
boundaries in both hemispheres. It maintains a conical geometry in the vicinity
of the disc, with peak velocities concentrated along the rotation axis. The disc
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