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Abstrakt

Prace se zabyva pozorovanim a komplexni analyzou vicenasobnych hvézdnych sys-
témd, se zaméfenim na Ctyrhvézdy v konfiguraci 2+2, kde oba hvézdné pary jsou
zakrytové (tzv. dvojzakrytové systémy). Pro tento vyzkum byla pouzita fotometricka
pozorovani z druzice TESS, doplnéna o dostupna méreni z prehlidek a pozorovani
skupiny Squadra. Pro systém ASASSN-V J233336.79+615012.0 byla rovnéz k dis-
pozici spektroskopickd data. U deseti vybranych soustav byla provedena podrobna
analyza véetné modelovani. O C analyza potvrdila u sedmi z nich gravitacni plsobeni
mezi zakrytovymi pary, zatimco v jednom pripadé byl identifikovan blend dvou nesou-
visejicich dvojhvézd. Pro statistickou analyzu byl posbiran vzorek celkem 781 sys-
téml. Rozdéleni pomeéru vnitinich period odpovida predpokladanému rovnomérnému
rozloZeni, pficemz vysledky ukazuji na zvySenou preferenci pro rezonanci 3:2. Parametr
RUWE ziskany z astrometrickych méreni druZice Gaia, nevykazuje pro potvrzené
Ctyrhvézdy odchylku od statistiky celkového souboru. Statisticka analyza se déle
zaméfila na kompozitni teplotu systémi. Vzorek vykazuje zvySeny poCet soustav
s vysokou kompozitni teplotou, coZ je dano zahrnutim objekt z Magellanovych oblakd.
Préace rovnéz predstavuje dalsi Ctyrhvézdneé kandidaty vhodné pro nadchazejici vyzkum.



Abstract

The thesis presents observations and a comprehensive analysis of multiple stellar sys-
tems, focusing on quadruples in the 2+2 configuration, where both stellar pairs are
eclipsing (doubly eclipsing systems). This research uses photometric observations from
the TESS satellite, supplemented by ground-based surveys and the Squadra observing
group measurements. Spectroscopic data were additionally available for ASASSN-V
J233336.79+615012.0. A detailed analysis and modelling were carried out for ten se-
lected systems. The O C analysis confirmed the gravitational interaction between
the pairs for seven systems, while one blend of two unrelated binaries was identified.
A sample of 781 systems was collected for the statistical study. The inner period ratio
distribution agrees with an assumed homogeneous distribution, with the results reveal
a preference for the 3:2 resonance. The RUWE parameter from Gaia astrometry does
not show statistically significant deviations for the confirmed quadruples compared
to the overall sample. The composite system temperatures were investigated in the
statistical analysis. The sample contains an enhanced number of systems with high
composite temperature due to the objects from the Magellanic Clouds. The study also
introduces additional candidates suitable for the follow-up research.
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Chapter 1

Multiple stellar systems

1.1 Binary stars

Multiple stellar systems consist of two or more components that are gravitationally
bound and orbit their common centre of mass. We can observe di erent systems accord-
ing to the stellar types and component numbers. In addition to binary stars, higher-
order multiples (triples, quadruples, etc.) are observed. The current binary fraction
(two or more components) varies signi cantly depending on the spectral types. O ner
et al. (2023) (Figure 1.1) show that the binary fraction is almosfi00 %for the O and

B stars. On the other hand, the M star binary fraction is only about30 % A similar
dependency is presented for higher-order multiples (triples and more).

Figure 1.1: Multiplicity (MF) and triple/high-order (THF) fraction of brown dwarfs
and main-sequence stars, adopted from O ner et al. (2023).

The binary system is the case with the lowest possible number of components. The
stars (primary and secondary components) orbit around their common centre of mass
following the third Kepler's law of motion:

(ar+ @)° _ G(my+ my),

= (1.1)




where a;., are distances from the centre of massn,, are the component masses,
P denotes the orbital period, andG is the gravitational constant. Herein, the primary
component is de ned as the more luminous star. The orbits can be circular or elliptical
with a non-zero eccentricity e parameter. The orbital velocitiesv;., of the binary
components could di er depending on the mass ratiq de ned as:

= —= = 1.2
& (1.2)

Wide binary systems consist of distant components that do not interact strongly
with each other. With the consideration of long orbital periods in the order of decades
or hundreds of years, astrometry is the most common observational technique for
studying these systems. Spectroscopic observations of the spectral line wavelengths
and radial velocities are also used to analyse and con rm the componéntautual
motion (Kraus and Hillenbrand, 2009). Sometimes, it is possible to angularly resolve
both components and measure their orbits visually (Hartkopf et al., 2001).

Close binary components interact with each other, resulting in mass transfer and
g changes during their evolution. The mutual distances are typically comparable to
the stars dimensions. The typical orbital periods vary from hours to several days. The
equipotential surfaces are de ned around each star. The Roche potentialincludes
the gravitational interactions of the components and the centrifugal potential. The
potential is de ned as:

=1 X 1.3
r ) 2 o ( )

wherery., are distances from each component to the studied point, denotes the
distance of the point from the centre of mass, antl represents the angular velocity.
Using the third Kepler's law,! can be expressed as follows:

r _

G(my+ my) .

ad '

Two equipotential surfaces that are connected through thie; Lagrangian equilibrium
point are de ned as the Roche lobes. The lobe size primarily depends on the Sar
mass ratio between the components (Budding and Demircan, 2022). At least one of
the components lIs its lobe entirely within the evolution. Using the lling degree of
the Roche lobe, Kopal (1955) and Wilson (1979) made the classi cation of close binary
systems (Figure 1.2). This classi cation works correctly for circular and eccentric orbits
and cases with non-synchronous rotation (Wilson, 2001).

- 2 -
1= 5= (1.4)

N

Detached Neither component llIs its Roche lobe and does not reach the evolu-
tionary stage for complete lling.

Semidetached One star already lls its Roche lobe, its volume and shape are
limited by the Roche surface.

Double-contact Both binary components precisely |l their Roche lobes. How-
ever, they are not in physical contact (Wilson, 1979; Wilson and Twigg, 1980).

Overcontact The components Roche lobes are over lled, which can lead to
a common envelope binary.



Figure 1.2: Binary types according to the Roche lobes lling, adopted from Marchant
(2025).

The appropriate geometry of the binary star allows to observe periodic decreases in
brightness. The general and well-known explanation of these changes is the propagation
of the orbital motion when the stars eclipse each other during the periodic cycle.
These objects are, thus, referred to as theclipsing binaries The variation period is
equal to the orbital period. Hence, in one cycle, two brightness minima on the light
curve, primary and secondary, are observed. For most cases, the primary minimum
occurs when the primary (more luminous) component is eclipsed by the secondary
one. A suitable geometry is necessary to observe the eclipses. The inclination angle
i is de ned as the angle between the normal to the orbital plane and the obser\sr
line of sight. Using a notationR;., for the componentsradii and a = a; + a, for their
mutual distance, the inclination value must be:
sin(90 i) @; (1.5)
to ful Il the condition for the eclipses (Hilditch, 2001). The probability of the eclipses
increases with the shorter distances between the components. The inclination angle
can be close t®0 for detached eclipsing systems (when= 90 , the orbital plane
is coplanar with the plane of the line of sight). However, when the closer systems are
discussed, the eclipses can occur for lowewvalues, i.e.,70 or smaller. The periodic
brightness variations can be observed, nonetheless, without eclipses, for example, in
the case of ellipsoidal binaries. Due to the non-spherical shape of the components,
the surface area radiating towards the observer varies during the orbit, and the total
brightness changes slightly.

The light curves are created from time series with time on the x-axis and magnitude
or ux on the y-axis. Phase' is plotted instead of time in a phase-folded light curve
to see more clearly the brightness change. The phase is related to the orbital period
P and the zero timeMg (typically the time of the primary minimum) as follows:

t My
= f : 1.6
rac 5 (1.6)

The phase ranges betweefi to 1 (usually, the phase-folded light plots extend this
interval for clarity). The epoch E represents the number of orbital cycles from the
zero time My, (also referred to as the zero epoch):

t M
E = oor 5 o . 2.7



The eclipsing binary stars are divided into three main classes according to the
light curve shape. These types are depicted in Figure 1.3. The classi cation does not
precisely follow the morphological nature of the stars.

" Algols (EA): Algol-like light curves usually have well-de ned and narrow eclipses.
The minima depths could be similar with almost identical components, or they
can dier signi cantly in the case of di erent temperatures. The morphology
types of these binaries are detached or semi-detached. The brightness outside
the eclipses is constant or slightly varies due to other e ects, i.e., re ection,
accretion disk, and ellipsoidal shapes. The orbital period values are commonly
long, several days or more (for non-degenerate systems).

Lyr type (EB): The brightness varies continuously during the orbit cycle. The
stars are tidally distorted into ellipsoidal shapes. The important sign for this type
is the considerable di erence between the depths of primary and secondary min-
ima. This observation indicates the di erent e ective temperatures (and radii)
between the components. The components generally belong to early spectral
types (B-A). The variation periods are primarily around 1 day or several days.

W UMa type (EW): The light curve shape continuously varies as in the previous
case. However, the minima are almost identical with only minor di erences. The
components generally belong to spectral types F-G and later. These systems are
classi ed as double contact or overcontact binaries with short orbital periods,
typically less than 1 day.

A total velocity v of the studied object can be divided into radial/, and tangential

v; parts, while it applies that v2 = v2 + v2, The tangential velocity is analysed using
astrometry and proper motion measurements. The velocity in the radial direction (to-
ward or away from the observer) is derived from the wavelengths of the spectral lines.
The Doppler e ect causes a shift of the spectral lines relative to their rest wavelengths

o for the stars with non-zero radial velocity. Thus, the spectral line can be found in
the shifted measured wavelength. The radial velocity is then calculated using the
general formula:

o 0o . (1.8)

wherec is the speed of light. The redshift (spectral lines are shifted to the red edge of
the spectrum) occurs when the object moves away from the observer with> 0. The
blueshift is de ned for the opposite situation ¢, < 0).

In the case of spectroscopic binary, the spectral lines are shifted periodically. The
wavelength and radial velocity variability are caused by the orbital motion of the com-
ponents around their centre of mass. Moreover, the system can move with its systemic
radial velocity. When only one component is detectable in the spectrum, the system
is classi ed as a single-lined spectroscopic binary (SB1). In contrast, the spectrum of
a double-lined spectroscopic binary (SB2) contains the spectral lines of both stars.
In multiple systems, the lines of all system components could can be generally found
(depending on the observational technique and componehtsminosities). Then, these
systems could be referred to as SB3, SB4, etc.

4



Figure 1.3: Eclipsing binary types according to the light curve shape, Algol type (CO
Lac), Lyrtype (V474 Lac), and W UMa type (ATO J320.1286-51.7924). The exam-
ple light curves were measured by Jakub Kola° and Miloslav Zejda at the observatories
in Sdanice and Brno during the years from 2017 to 2022.

The radial velocity curve can be plotted as a time or phase-dependent function.
The shape of the curve depends signi cantly on the systémgeometry and mass
ratio q between the components. Two sinusoidal variations during the orbital cycle
are observed for a circular trajectory (Figure 1.4, for instance). Elliptical orbits and
additional phenomena (multiple stars, exoplanets, spots, etc.) deform the shape of



the radial velocity curve. The second-order e ects are also visible in the spectra, and
can be modelled. The Rossiter-McLaughlin e ect is caused by stellar rotation and
occurs during the beginning and end of the eclipses when the parts of the star with
di erent rotational velocities are eclipsed. This e ect causes the distortions on the

radial velocity curve around the eclipse phases (Figure 1.4).

Figure 1.4: Synthetic radial velocity curve as a function of orbital phase, created in
PHOEBE (version 0.32) software (Pr2za and Zwitter, 2005). The simulated binary
consists of two main sequence components with the spectral types F9.5V and K9V
for the primary and secondary star, respectively, with an orbital period ofl day,
inclination i =90 , and mass ratiog = 0:65. The circular orbital trajectories and zero
radial velocity for the centre of mass are assumed. The stellar parameters were adopted
from Mamajek (2019), the simulation includes the Rossiter-McLaughlin e ect.

The radial velocity curve of the SB2 system, serves to derive mass ratjdetween
the binary components. Using the velocity amplitudeds; and K, for primary and
secondary stars, respectively, thq is given by:

q= — = ——: (1.9

The mass ratio cannot be derived for the SB1 systems. Itis possible to determine a mass
function f,,, which de nes the lowest possible mass of the secondary component,
invisible in the spectra:

_ (my sini)®
B (Mg + my)?

Studying the spectra and spectral lines can lead to obtaining several essential pa-
rameters for the components and the system, i.e., e ective temperatures, mass ratio,
surface gravity, and systemic radial velocity of the centre of mass. The spectroscopic
binary may also be identi ed as an eclipsing system, enabling a combination of spec-
troscopy and photometry.

Binary systems play a key role in stellar astrophysics. Various types of stars can
be found in binaries systems, including the di erent spectral types and evolutionary

fm ms: (2.10)

2
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stages. A detailed analysis provides unique information about the stellar structure and
evolution, and adds valuable general statistical knowledge. Measuring their variabilities
using a combination of photometry, spectroscopy, and other methods can serve to
derive the essential parameters (i.e., masses, radii, and distances) and also analyse the
second-order e ects (limb darkening, re ection e ect, spots, etc.). The stellar mass is
probably the most important parameter that could be acquired from the binary star
study. It is generally not trivial to obtain the mass and binary stars present a precise
method for calculations of this crucial parameter. The derivation of the minima timings
and long-term period analysis could lead to a more detailed investigation of the system,
such as mass transfer, apsidal motion, the presence of additional bodies, etc. The
importance of binaries can be seen by studying larger and more complex objects such
as multiple stellar systems, star clusters (Torres et al., 2018; Southworth et al., 2004),
our Galaxy, and other galaxies, such as the Large (LMC) and Small (SMC) Magellanic
Clouds. For instance, the distance to the LMC was derived by Pietrzy«ski et al. (2019)
with 1 % precision using the analysis of eclipsing binaries.

1.2 Higher-order systems

Binary stars are applied in the structure of multiple stellar systems for a long-term
stable solution (Tokovinin, 2021). The binarity levels can be observed in the multiple-
star schemes (Figure 1.5, 1.6). A triple star consists of a close binary and a distant third
component @ + 1 hierarchy, Figure 1.5). The close inner binary creates a subsystem,
where two binary components orbit their local centre of mass with the inner orbital
period Pj,. On the higher binarity level, the inner binary orbits together with the
additional third component around their common centre of mass with the outer period
IDout-

Two scenarios for a dynamically stable quadruple syster2:+ 2 or 3 + 1 (Figure
1.6) are possible. The8 + 1 con guration follows the previous case of the triple star
and contains another fourth component with a larger distance. Hence, the outer orbit
consists of the motion of the distant fourth star and the inner triple. In the2 + 2
quadruple system, two binaries orbit each other on the highest binarity level. The
binaries are referred to as pair A and pair B, consisting of the primary (1) and sec-
ondary (2) components. Both binary stars have the inner orbital period8, and Pg for
pairs A and B, respectively. Thus, the common outer orbital period is noted &3,z .
Higher multiples are structured using the mentioned patterns and follow the binarity
hierarchies (the pairs or the distant components).

As the number of components increases, the number of known hierarchical multiple
systems decreases (Tokovinin, 2023; O ner et al., 2023). There are two main reasons
to explain this phenomenon. Firstly, the decrease is a natural physical property. The
systems with more components are less common due to the di cult creation process. In
addition, multiple systems are more demanding to discover. Many selection e ects are
known, i.e., photometric precision, data cadence, and lack of spectroscopic observations
(especially for faint stars). Multiple systems may sometimes fail to exhibit signi cant
variability, particularly in terms of brightness changes. They could be non-eclipsing
due to the systemis geometry. Thus, the discovery is usually more challenging and
requires di erent observing methods than only photometry.



Figure 1.5: The schematic hierarchy of a triple system.

Figure 1.6: The schematic hierarchy of a quadruple system, left: 2+2 structure, right:
3+1 structure.

Quintuple eclipsing systems are known in several cases, e.g., HD 155448 in Schitz
et al. (2011). Rappaport et al. (2016) comprehensively analysed two angularly sepa-
rated eclipsing binaries in a quadruple system EPIC 212651213. The close star EPIC
212651234 is at the same distance as the EPIC 212651213. Moreover, radial ve-
locities and proper motions of EPIC 212651213 are signi cantly similar to EPIC
212651234, indicating the systemic motion of a gravitationally bound (2+2)+1 quin-
tuple star case. Lohr et al. (2015) studied a structured quintuple system 1SWASP
J093010.78+533859.5 (V441+V442 UMa) containing the contact and detached eclips-
ing binaries and an additional star. Powell et al. (2021) comprehensively analysed
the eclipsing sextuple system TIC 168789840, which consists of three gravitationally
bound eclipsing pairs. A 2+2 quadruple star orbits around the global mass centre to-
gether with a more distant binary subsystem with an estimated outer period of around
2000years. Zasche et al. (2012) presented the 65 UMa system as a sextuple star with
one eclipsing binary (known as DN UMa). In the Multiple Star Catalog by Tokovinin
(2018), it is referred to as a septuple system. The instance of an octuple stellar system
could be Cas (Hutter et al., 2021) with non-eclipsing components.

QZ Car is probably the highest multiple system consisting of nine components
where at least a weak gravitational bound is still observable (Mayer et al., 2022; Bro®
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et al., 2022). This system contains one spectroscopic and one eclipsing binary. Multiples
with around eight, nine, or more components (depending on the structure and stability)
pass to more free objects with usually very low gravitational interactions, such as stellar
associations, moving groups, and open clusters.

Binaries and multiple stars are formed in the giant molecular clouds. The collapse of
the cloud starts due to a density turbulence of cold gas induced by several mechanisms,
such as near supernova explosion, cloud collisions, etc. The clouds collapse inhomoge-
neously and fragment into smaller-scale structures called laments. The fragmentation
continues to create clumps and, later, the stellar cores (protostars) (Tokovinin, 2021).

Two main processes lead to the formation of the binary system: disk instability
and core fragmentation. A massive dense disk is located around the protostar. The
disk becomes unstable due to its high density, and the matter accumulates to form the
secondary component (or possibly more stars). For the core (or lament) fragmentation
scenario, two protostars interact with each other and create a gravitationally bound
system. According to O ner et al. (2023), the length scale for this type of formation is
typically around 0:1 pc. As a result, originally independent protostars can enter their
orbits and become gravitationally bound.

Similar formation processes can also be observed for more component multiples.
Tokovinin (2021) proposed ve scenarios for forming multiple hierarchical systems:
sequential and later disk instability, sequential core fragmentation, cloud collisions, and
dynamical interactions. The known mechanisms from the binary formation and their
combination are applied. The collisions and dynamical interactions are also noticeable.
They can lead the independent protostars to mutual orbit and gravitational bond.

Signi cantly distant components in the multiple systems could evolve indepen-
dently. Their common motion around the centre of mass occurs, but their mutual
interactions and dynamical perturbations could be negligible if the hierarchical struc-
ture is long-term stable. For instance, the outer third component in the triple system
only a ects the inner binary when it is in close vicinity. The dynamical e ects are not
so strong for the circular trajectories and coplanar orbits. This geometry allows the
systems to stay on the stable con guration. On the contrary, elliptical trajectories with
the di erent inclinations tend to be dynamically unstable. The orbital period change,
inclination and eccentricity variations, and other possible e ects can play role.

1.3 2+2 quadruples

As mentioned above, the 2+2 hierarchical structure presents one possibility for a long-
term stable solution for quadruple systems. Figure 1.7 depicts the mutual outer motion
of both binaries around their common centre of mass. Each pair has its orbital velocity
va andvg. Equation 1.2 also applies to the case of a system with two binaries. The 2+2
guadruple is usually observed as one source of light. Both binary subsystems could be
optically resolved when the angular distance is su ciently large. Zasche et al. (2019)
summarised the known pairs with the pair A and B angular resolution. Fezenko et al.
(2022) found seven new 2+2 quadruple systems with typical angular resolution around
several arcsec.
This hierarchy is approximately four times more frequent than the 3+1 con gura-

tion (Tokovinin, 2021). The natural representation for each arrangement is uncertain



due to many observational selection e ects. The 2+2 structure is more photometri-
cally observable because of the possible eclipses of one or both binaries. In the 3+1
case, the orbits would not have to meet the conditions for the eclipses, leading to
the eclipses being rare and di cult to detect. Also, the outer periods for the distant
third and fourth components could be very long (longer than our possible observing
timescale). Thus, the outer eclipse could be missed during the observations. Other
measurements (i.e., spectroscopy and astrometry) can also be generally used to detect
guadruples. However, these methods are usually more time-consuming and have more
constraints than photometry. For instance, photometric observations can identify and
study faint quadruples, but current spectroscopic measurements are limited. For the
2+2 systems, the inclination condition for eclipses could be more easily ful lled. The
known orbital periods for each binary are relatively short (up to several days) in many
cases. Therefore, the eclipses can lead to increased observational detection for the 2+2
systems.

Figure 1.7: Structure of a 2+2 quadruple system.

When the systems geometry is suitable, we can observe both pairs as eclipsing bi-
naries. These objects are generally known dsubly eclipsing systemsherefore, the
light curve shows two sources of periodic brightness variations. We can study these
systems in greater detail due to both pairseclipses. Using a combination of mainly
photometry, spectroscopy, and long-term monitoring, the parameters of the individual
components can be derived. Moreover, the observations can con rm the gravitational
interaction between the pairs with the outer orbits parameters. Furthermore, these
objects give a better understanding of the quadruples and other multiple stellar sys-
tems.

The 2+2 quadruples were initially discovered only sporadically without a system-
atic searching method. The rst known and well-studied doubly eclipsing system is
V994 Her (Lee et al., 2008). Zasche and Uhla® (2016) updated the data and stated
that both eclipsing pairs have an apsidal motion visible in thei©® C diagrams (Chap-
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ter 2). They also corrected the outer orbital period to the current value 02:9 years.
Vokrouhlicky (2016) computed the secular variations for 2+2 quadruple systems. The
paper used V994 Her as a numerical instance for these calculations. The essential as-
sumption for the simulation is a proper knowledge of the orbital parameters. However,
only a few systems nowadays have a comprehensive analysis that would make the
secular variations meaningful. New research from Zasche et al. (2023a) describes the
detection of other eclipses (pair C) from the TESS data and ground-based observations,
deriving the system V994 Her as a sextuple star with three eclipsing binaries.

New candidates with two periods of brightness variations were found in the OGLE
database (Pawlak et al., 2013, 2016). However, the rst comprehensive research for
searching the doubly eclipsing systems was done by Zasche et al. (2019), with a list of
146 candidates known at that time. Most of these systems were located in the LMC.
The LMC overabundance was, however, caused by the selection e ects of browsing the
OGLE LMC data. In the following years, the TESS satellite has enabled a signi cant
progress, and the number of 2+2 candidates has enhanced (Kostov et al., 2022, 2024,
Zasche et al., 2022b). Other photometric data, i.e., the ZTF survey (Vaessen and van
Roestel, 2024) and OGLE Bulge examination (Adam et al., 2023), also contributed to
bringing the total number of 2+2 candidates to aroundl 00Q

The precise population distribution in our Galaxy (and the LMC and SMC) of
these systems is currently uncertain due to lack of a statistically signi cant dataset.
However, the numbers are rapidly growing. With a large amount of available data,
only a small fraction (fewer than 100) is nowadays con rmed as the quadruple system
with two pairs. The vast majority is still referred to as the candidates. A frequency
analysis should be done after excluding the blends and con rming the quadruple na-
ture in the best case. On the contrary, the con rmation process is not trivial and
requires very accurate measurements and a long observational timescale. The recent
sample is too small for comprehensive statistics and general conclusions about the
population frequency for these objects. There is presently no comprehensive theory
explaining all formation and evolutionary processes. The formation mechanisms ex-
plained in Tokovinin (2021) are applied. However, the dominant mechanism for the
2+2 quadruples remains uncertain.

The unresolved open question of the long-term stability and possible preferred res-
onant states between the period ratiR = ﬁ—’; of the inner pairs was discussed in recent
years. Zasche et al. (2019) made the inner period ratio distribution using their available
sample and introduced some possible hints. The most discussed resonant ratios were
1:1, 2:1, and primarily 3:2. These values were described in Tremaine (2020) with the
conditions of the resonant capture. However, too low number of known systems did not
allow for observational evidence to be obtained at that time. The paper also discussed
the properties of further period study and pointed out some observational hints. The
current larger sample of the candidates allows to construct the period ratio distribu-
tion and also statistically analyse it. The indications for the higher 3:2 ratio frequency
is noticed (Chapter 4). However, many other parameters are unknown. Some essential
issues should be solved in time. Primarily, what is the frequency of the 2+2 quadruples
and period ratio for each spectral type, what is the exact shape of the period ratio dis-
tribution and resonant state distribution in di erent evolutionary phases, is the Algol
type dominant for the inner binaries and how much is biased by the selection e ects,
what is the blend ratio between the known candidates, etc. Answering these questions
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properly and comprehensively is not trivial and observationally time-consuming. For
instance, the outer orbital periodsP,g could last for decades or longer. One orbital
cycle, or at least its majority, has to be detected and explained with certainty. The
evolutionary state and all fundamental parameters (masses, radii, etc.) are known for
only a few of the systems (Zasche et al., 2023a; Pejcha et al., 2022; Powell et al.,
2025). Large amount of di erent types of data are usually missing for the faint stars,
especially the spectroscopic observations are not commonly available for all the 2+2
candidates.

In recent years, quadruple stars with the 2+2 con guration have been on the rise.
The number of newly detected candidates is still growing (Kostov et al., 2022, 2024;
Zasche et al., 2022b), and their research state is improving with better observational
technigues and analysis processes. For the reasons mentioned above, this unique class
of astronomical objects represents an excellent laboratory for studying structures, evo-
lution, and period properties of multiple stellar systems. This research mainly focuses
on the observational and statistical analysis of the doubly eclipsing systems.
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Chapter 2

Analysis methods

2.1 Photometric detection

The most common observing technique for detecting a doubly eclipsing candidate
is photometry. This method presents a straightforward and relatively easy way to
measure the additional brightness variations and recognise the eclipsing origin. Usually,
one binary (typically noted as pair A) is already known. By a deeper analysis of its
light curve from the photometric sources, other periodic brightness declines can be
found (pair B). Con rming the additional signal as the eclipses and excluding other
variability types is also necessary.

Several detection criteria need to be ful lled. Amplitudes of both pairs (including
primary and secondary minima) have to be su ciently large than the scatter. All the
eclipses need to be clearly identi able in the data. Eclipse detection depends primarily
on the systems composite brightness and the inner orbital period. The object must be
well-measurable, and the observational technique should be selected according to its
precision. The scatter usually depends on the brightness limits. The brightness-scatter
dependency is illustrated in Figure 2.1 for the TESS sector 1 data. The orbital period
of pair B could be a crucial parameter in the search for doubly eclipsing systems. The
period values can be signi cantly long (several or dozens of days). Therefore, detecting
these periodic variations can be challenging. However, very short periods (upltday)
also have several issues. The light curve type of these binaries is typically EW. These
brightness variations can be confused with pulsations, stellar spots, and other similar
light curve shapes.

The periods can be close td day or its multiples and integer fractions in some
cases. The eclipses are more challenging to capture due to the data sampling. The
resonant period ratio between the pairs can cause misleading results regarding the am-
plitude and nature of the pair A light curve, potentially leading to the pair B changes
being overlooked. The system ASASSN-V J101521.33-595651.9 consists of remarkably
similar variable signals with almost the same periods (both aroun@69 days) and am-
plitudes. Speci ¢ shapes arise on the light curve under these conditions (Figure 2.2).
The brightness variations appear identical within the measurement when investigating
only one TESS sector. The change can be seen when comparing several sectors, obtain-
ing observations over a longer timescale. This extreme case could cause the variations
to be identi ed as dierent kinds of variations instead of eclipses. These situations
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are most frequent for the EW binaries, where the light curve analysis alone could be
uncertain.

Figure 2.1: TESS photometric performance measured from sector 1, 1-hour com-
bined di erential photometric precision (CDPP), expressed in ppm (parts per million),
adopted from TESS Observing technical detail¢essgi.github.io/TessGiWebsite/
observing-technical.html

Signi cantly di erent combinations of inner periods and amplitudes of pair A and
B can be observed. This can lead to many selection e ects and misinterpretations. The
orbital period could be well-derivable, but the amplitudes under the observational
limits. The WISE J230200.8+405840 system serves as a good instance where pair
A primary eclipse depth is aboved:10 mag in the TESS data, with the period value
almost 1 day. The pair B, on the contrary, shows shorter periodic variationdg  0:31
days) but with signi cantly lower amplitudes of only 0:01 mag. Hence, a reliable data
accuracy is di cult to obtain. The system is discussed in greater detail in Chapter 5.
For some systems, the pair B variations are prominent, but the period is too long to
be readily detected (e.g., TIC 79140936 in Kostov et al. (2022) with the period values
of 3:5 days and nearly31 days).

These conditions de ne the search process and the data usability. A single night
observation is insu cient con rm the discovery of a new doubly eclipsing candidate.
Continuos, high-quality data over a longer timescales are required. As the rst step,
photometric surveys are used for nding new objects that would be further analysed.

The potential blend with another binary in the close angular vicinity must be
excluded. Additionally, long-term monitoring is one of the key methods to con rm the
candidate as the 2+2 quadruple star, using primarily th® C diagrams (Section 2.4).
Thus, several suitable photometric datasets should be combined to acquire as large
a sample as possible. Ideally, new observations should be added as well. New kinds
of variability are still being discovered. Without the comprehensive long-term study
combining several observational sources, both multiplicity and additional phenomena
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could not be discovered. The BG Ind system is one of the recently revisited quadruple
stars (Borkovits et al., 2021) previously considered to be an eclipsing binary.

Figure 2.2: TESS phase-folded light curve of ASASSN-V J101521.33-595651.9, sector
10 from 2019 (upper part) and 36 from 2021 (lower part) obtained by di erential
photometry. The phase was calculated using the pair A ephemefs= 0:692710days

and M, = 2459281364 (HJD) (Chapter 4). The light curve shape stays almost the
same within each sector, but changes over a long time, this course of variations is due
to an almost identical signal B.

In recent years, the TESS satellite (Ricker et al., 2015) has allowed the study of
new light curve phenomena and candidates for eclipsing multiples. Several new papers
(e.g., Kostov et al. (2022, 2024); Zasche et al. (2022b)) have been published about
the new on previously unknown systems. This survey is mainly used for bright stars
(up to 12 mag). However, the data may still be usable for fainter stars up to 15 or
16 mag, if the variations are su ciently large (at least 0.1 mag, e.g., Patkova (2024)).
TESS is monitoring almost the whole sky, which is divided into sectors. The time span
for one sector should be around 27 days, usually shorter due to instrumental matters.
Moreover, the majority of observed stars have been measured multiple times.

The light curve continuity enables us to relatively easily detect other variations
that do not follow the known eclipsing binary light changes. For example, Figure 2.3
shows the light curve of V1018 Cas as a time series and phase-folded. The additional
pair B eclipses with lower amplitudes are visible in both cases. The rst reliable pair
B orbital period estimation can be done from the TESS light curve after disentangling
the contributions of both pairs. The minima timings are derived from the disentangled
light curves with high precision. Further study leads to a better determination of pair
B period, although the TESS period analysis provides a signi cant rst step.

The cadence of TESS data changes with the increasing sector numbers and target
preferences. Some period values may be missed with these cadences. The observational
precision also varies with this parameter, especially for fainter objects. The stars at the
measurability limit are better observed with a lower cadence but longer exposure time,
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allowing to obtain more reasonable data. With the shorter exposure, the precision of
these systems is decreasing. New eclipsing stellar pairs with long orbital periods (with
typical values of more than20 days) could be overlooked when using only the TESS
data. At most, one measured sector can only capture one eclipse. Generally, the TESS
data should be combined for minima timings deriving and the period analysis. However,
the number of measured sectors varies depending on the declination. Thus, TESS does
not provide su cient observations to catch the eclipses for these long-periodic pairs
for certain parts of the sky, predominantly close to zero declination value. Various
trends may be noted in the TESS data. The trend in uence is a general issue for
each photometric survey, but in it is primarily noticeable in the TESS light curves.
The photometric data analysis and further study require detrending during the data
processing.

Figure 2.3: TESS detrended light curve of V1018 Cas (sector 58), time series (upper
panel), and phase-folded curve according to pair A peridej, = 4:127745days adopted
from Zasche et al. (2022b). Additional, signi cantly smaller brightness dimmings (pair

B eclipses) are noticeable.
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Despite high precision and good data cadence, TESS has a low angular resolution
of 21 arcsec per pixel. This disadvantage arises signi cantly for the dense stellar elds.
Figure 2.4 shows the TESS and DSS maps of the mentioned V1018 Cas (middle of the
images). Two bright and well-resolved objects, HD 237050 and StRS 55, are visible
together with the V1018 Cas. The DSS map shows other fainter stars close to the
V1018 Cas that are only indicated in the TESS map. Even though they are fainter
compared to the V1018 Cas, these stars still need to be considered during the analysis
and excluded as a potential contaminating light. To conclude that two variable signals
come from the same light source, the stellar catalogues and other data surveys need to
be checked as a prerequisite. New photometric observations with high enough angular
resolution and precision are the best way to identify the variation sources unquestion-
ably. The nearest stars contaminate the studied object with the additional light. The
eclipses are shallower because of the higher third light contribution, which must be
included in physical models (Section 2.7).

Figure 2.4: V1018 Cas and its vicinity with eld of viewFOV  7:1 arcmin, TESS map
by Lightkurve Collaboration et al. (2018) (left panel), and DSS map (Lasker et al.,
1996) (right panel), two bright stars, HD 237050 (the brighter and closer to V1018
Cas) and StRS 55, are noticeable in both maps.

Other, mostly ground-based, photometric surveys have substantially lower data
cadence than the TESS light curves. On the other hand, the total observing timescale is
usually longer. OGLE (Optical Gravitational Lensing Experiment) photometric survey
(Pawlak et al., 2013, 2016; Soszy«ski et al., 2016) have been used in recent years to
discover new doubly eclipsing candidates, especially in dense stellar environments, such
as the Magellanic Clouds and the Galactic Bulge. Zasche et al. (2019) presented 146
known doubly eclipsing candidates up to date, with the vast majority of them located
in the LMC. Nowadays, around80 - 90 % of the known are in our Galaxy (Chapter
4) mainly due to the TESS data.

These time series generally have more regular and uniform data coverage over time
than the TESS observations, which are divided into the sectors. The ground-based sur-
vey data can be phase-folded by knowing the pair A orbital period. Potential eclipses of
the pair B are visible in this case as dimming that runs through the entire phase curve.
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The time series of OGLE SMC-ECL-5925 and the phase-folded light curve according to
pair A period, are shown in Figure 2.5. The pair B variations are then clearly identi ed
in the residuals, which also allows for providing the basic period analysis to state the
rst estimate of the pair B inner period. The pair B visibility depends mainly on the
system brightness, orbital period, and amplitude of light changes. The data cadence
could also play a crucial role in detecting other possible variations in general. A num-
ber of pair B observations must be su cient and individual measurements recognisable
from the outliers. Inhomogeneities and more regular patterns in the phase curve can
sometimes be observed when the pair B period is in resonance with the pair A.

Figure 2.5: OGLE 1V light curve of OGLE SMC-ECL-5925 inl band, upper panel:
a time series, bottom panel: phase-folded light curve, the additional unphased eclipses
are visible through the phase.

In most cases, photometric surveys, such as ZTF (Vaessen and van Roestel, 2024),
ASAS-SN (Jayasinghe et al., 2019), and OGLE, have a higher angular resolution com-
pared to the TESS satellite. However, the dense elds could still present an issue in
correctly resolving the observed signals. The stars in their vicinity could contaminate
them, potentially creating blends. Adam et al. (2023) investigated the light curve
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residuals of the known eclipsing binaries located in the Galactic Bulge observed by
OGLE. They searched for the additional variability source after subtracting already
known variations caused by eclipses, focusing mainly on the short periodic signals up
to 1 day. They derived the period from the residuals and identi ed the variability type.

A total number of 62 blends was excluded from their ndings, and 246 new doubly
eclipsing candidates were found. Zasche (2024) stated that 53 of these candidates are
probably another blends. Additionally, the analysis in Adam et al. (2023) reveals four
new doubly eclipsing quadruples, where the 2+2 nature was proven by light time ef-
fect (LITE) in the O C diagrams (more details in Section 2.4). This work is also
important due to the EW systems with the short orbital periods, which are noticeably
lacking in the doubly eclipsing candidate list.

Generally, the research should not rely on a single photometric data source. The
use of more observations with di erent parameters (data cadence, observational time,
photometric lter, etc.) to maximise the e orts to adequately prove other brightness
variations is necessary. Studying the individual systems in more detail requires a com-
prehensive analysis to avoid the blends and suppress the selection e ects. Additionally,
the long-term monitoring is one of the key methods to con rm the candidate as a 2+2
guadruple star. Thus, several suitable photometric datasets should be combined to
have as large a sample as possible. New own observations should also be added in the
best case.

2.2 Light curves disentangling

The composite light curves must be disentangled into individual pairs. This step is
essential for further analyses (predominantly deriving minima timings and accurate
physical modelling). The iterative procedure, where the curves are alternately tted by
phenomenological or mathematical models, is a commonly used method of photometric
data disentangling. The signal of one binary (A, for instance) is tted and subtracted
from the data as the rst step. The residuals contain the pair B variations along with
possible imperfections from pair A. Pair B is then tted. The resulting pair B t is
used to subtract the pair B signal from the original data. Hence, the pair A light
curve is obtained. This preliminary disentangling may not cover precisely all the light
changes. It is necessary to repeat this procedure several times, depending on the light
curve shape and the used models. The iterations are nished when the nal residuals
are unchanged within the scatter for both pairs.

SILICUPS (SImple Light CUrve Processing System) software (Caga?, 2017; Pejcha
et al., 2022) enables the overview, maintenance, and analysis of photometric measure-
ments. The phenomenological model function described in detail in Mikulazek (2015) is
implemented in the software. The disentangling can be performed in the software using
the function in the Phased Curve Fittab. This process is typically nished after three
or four iterations. Figure 2.6 shows the TESS phase curves of ASASSN-V J070838.27-
171952.9 according to both inner orbital periods before and after the disentangling
procedure using the SILICUPS software.

The mentioned model function is occasionally not suitable for the binaries with to-
tal eclipses. The resulting t could not correspond in the phases around the brightness
minimum, creating an additional trend. The sample of inaccurate total eclipse tting
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is shown in Appendices (Figure A.1). For these reasons, harmonic polynomitlg' )
of degreen as a function of the phasé are used to cover the parts with the total
eclipses correctly:

X
H( )= a+ [ sin(2i" )+ b cos(2i" )]: (2.1)

i=1
The polynomial degree should be selected according to the phase curve shape to cover
adequately all the brightness variations. Generally, th@ value could be large for the
Algol-type binaries, especially where the brightness is constant outside the eclipses.
The tting was realised in Python using curve_t from scipy.optimize package. This
procedure helps primarily with the disentangling of the light curve containing to-
tal eclipses, but it can be commonly used for all types. Moreover, both methods,
SILICUPS and harmonic polynomials model functions, can be combined to improve
the nal results. Other disentangling methods, e.g., the Fourier analysis, can also lead
to disentangling the light curves. However, this thesis focuses primarily on the two
mentioned methods, which provide reasonable results in most cases.

Figure 2.6: Phase-folded light curve of ASASSN-V J070838.27-171952.9 from the TESS
satellite (sector 33), according to the known inner orbital periodB, = 4:300567days
(left side) and Pg = 3:767214days (right side) from Zasche et al. (2022b), original
data (top), and disentangled light curves (bottom).

The photometric time series generally contain instrumental errors, outliers, and
trends. Due to the continuous observations, the trend in uences are mainly apparent
in TESS and Kepler data (Ricker et al., 2015; Koch et al., 2010). However, all raw light
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curves from various surveys could contain trends that a ect the data. The trend e ects
have to be appropriately eliminated to provide a consistent and accurate research
procedure. The automatic pipelines are not generally su cient for all cases, and light
curves should be assessed individually in every time series. The detrending process
requires a good knowledge of the light variation course. After correctly subtracting
the known brightness changes, only the trends should remain in the residuals. Then,
the residuals with the trends are tted by a suitable function and subtracted from
the original light curves. There are several possibilities for choosing an accurate tting
method for detrending the data. The Chebyshev polynomial® (x) of the n degree
were used:

X
P(x) = ¢ Ti(x); where (2.2)
i=0
To(x) = 1;
Ti(x) = x;

Ti(x)=2x T 1(X) T o(x) fori 2

The Python package NumPy (speci cally numpy.polynomial.Chebyshev. t) was used.
The script is already described by PaEkova (2024) and Richterkova (2025).

The doubly eclipsing stars are characterised by comprising two sources of eclipses.
Therefore, the detrending is more di cult. Firstly, the light curves are disentangled by
the process described above. The residuals after the disentangling should contain only
the trend, which should be the same for both pairs. The tted trend is subtracted from
the raw data, and the disentangling is repeated using the iterative procedure. With
the presence of the trends, the separated light curves could possibly contain slight
deviations compared to the real variability after the rst iteration. Thus, repeating
disentangling and detrending is essential. The light curves are correctly disentangled,
and the trend in uences are maximally reduced when the residual curves stop changing
and are the same for both pairs within the scatter. Figure 2.7 depicts the TESS light
curve of ASASSN-V J222721.05+564425.3 before and after the detrending. Further
light curve analysis containing minima timings derivation and physical modelling is
possible when the detrending and disentangling processes are accomplished.
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Figure 2.7: TESS light curve of ASASSN-V J222721.05+564425.3 (part of sector 57),
top panel: original downloaded data, a relatively strong trend in uence is readily appar-
ent at the beginning of the time series, bottom panel: the same data after detrending.

2.3 Minima timings

One of the key methods for studying the periods of variable stars and detecting possible
phenomena is the analysis of th® C diagrams (described in more detail in the
following section). The diagram analysis generally includes the light curve extrema
timings. The brightness minima are typical cases for the binary and multiple eclipsing
stars. The observed minimum timinggO are compared with the calculated (predicted)
time C. Several di erent methods are used to obtain the observed timings, for instance,
from Kwee and van Woerden (1956) in the past. However, using a speci ¢ method
depends on many assumptions and data shapes. Sometimes, the correct result with
realistic and trustworthy uncertainties is not achieved using inappropriate procedures.
The data cadence, amount, quality, the eclipse duration and depth, the fact that the
curves may not be symmetrical, etc., have to be considered.
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The minima timings can be derived in the SILICUPS software (Pejcha et al., 2022).
The tting process uses the phenomenological function from Mikuld2ek (2015). The
software allows for tting the individual eclipses by manually setting the borders,
between which the tis performed. There is also an option to t all the minima within
the dataset. TheP and M, parameters should be well-known together with the phase
of the secondary minimum' s (assuming the zero phase, for the primary one). The
duration around every eclipse and the minimum number of points on the decreasing
and increasing parts of the eclipse, need to be entered. These parameters, especially
the durations, can be crucial in the tting process, and it is recommended that the
entire eclipse is covered. This method is less time-consuming and is mainly bene cial
for continuous light curves with many observed eclipses, typically for TESS and Kepler
data. There is an option to add the trend in uence. However, it must be used with
caution. The ideal case is to eliminate all instrumental in uences during the detrending
procedure. On the contrary, some light curve shapes can be strongly asymmetric, and
the additional trend term in the tting function could improve the tting. It is always
helpful to test how the minima timings are derived with and without the trend before
considering this option.

The uncertainty estimation in SILICUPS is calculated using the bootstrapping
statistical method. The bootstrap takes the same number of data points in the sam-
ple, some points are repeated, and some are missing (generally called resampling).
The minimum timing is calculated using this new modi ed sample. The resampling
and calculations are repeated, the SILICUPS error estimation contaiis000iterations
(P. Caga?, private communication). A histogram is created from these results to obtain
the range of the error bar. The uncertainty value could generally vary when the estima-
tion is repeated. The amplitudes of these variations are usually only minor uctuations
when using high-quality data with a large number of data points (around more than
100). The typical instance is the high cadence TESS sector. For the older datasets with
signi cantly lower cadence (with only tens of points around the brightness minimum),
the uncertainty value can vary signi cantly (sometimes several times in the extreme
cases). It is important to correctly choose the borders on the light curve around the
eclipse, if possible. The largest issues occur with short-periodic systems (wliremns
several hours) because the interval where the t takes place has to be very short so as
not to interfere with the next eclipse. The uncertainty should be primarily the higher
value between the estimations in the case of signi cant changes. The estimation could
lead to high uncertainty when the minimum lies close to the edges of the time series
or the gap between data (mainly in TESS datasets). The timing should be derived
manually to adapt the parameters rather than rely on the automatic tting for all the
minima.

Photometric ground-based surveys do not provide continuous measurements. The
observations are usually composed into the dataset for a single season. The data points
can have di erent cadences during this time. For instance, several photometric images
of a speci c object can be created in a few minutes, and other observations would be
done after several days or weeks. It is not suitable to derive the minima timings from
only a few points during one night. On the other hand, it is feasible to use all the
seasonal data points and construct the phase-folded light curve.

According to the known ephemeris, the phase-folded data would suggest how the
eclipse timings change in the observing time. The curve could be shifted against the
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predicted model. The phase shift can then be tted to align the data with the model
light curve and calculate theO C value for the entire season. The data should be
collected in the shortest time possible. However, all the brightness variations must be
fully covered. The time O for one primary and one secondary minimum is obtained.
Usually, these times are in the middle of the used photometric time series.

A simple Python code was created to derive the primary and secondary minima
timings from the photometric surveys with non-continuous measurements. The inputs
are based on the SILICUPS export les and fundamental parameters, but they can be
generally obtained by other methods. The main data les that enter the code are the
time series, phase-folded series, and residuals from the model light curve (phenomeno-
logical model function in SILICUPS). This modelling can be performed by merging
several seasons to obtain more robust phase coverage (if possible, depending on the
eclipse time variations). The other option is to use the well-known existing t from
TESS or own observations and modify it for the current survey (taking into account the
di erential magnitudes, and the phenomenological models are usually less complicated
and relatively suitable for this modi cation). If these methods lead to insu ciently ac-
curate results, harmonic polynomials or other similar functions can be used to achieve
su cient results. The outliers should be excluded from the data, as well as the two or
more points with precisely the same time value (otherwise, the tting will not work).

These les belong to every season, and the seasonal datasets used are tted one by
one. Additionally, period value, zero time epoch, and phase of the secondary minimum
are essential to know. The orbital period does not change during the tting process. It
is recommended to keep one period value and adjust only the instantaneous zero time
My, this change represents the actual physical variations within the tting.

A model is created using the original residuals for each data point. The phase shift
tting moves with the whole phase-folded curve on the x-axis to nd the smallest
value for the sum of squares of the di erences between data and model magnitude.
The uncertainty estimation is done by bootstrapping usingdl 000 iterations and the
con dence interval of 95 % The primary and secondary minima timings are then
calculated from the phase shift t described in the code below. The uncertainties
for both minima timings are the same because the tting includes all the data on the
phase-folded curve. As mentioned, the time series used has the same value o©&theC
for all its data points. The main cause of this is that the phase-folded light curve and
the tting are done using all of these observations within the dataset (usually one
observing season). Finer division is no longer possible because the light changes would
not be adequately seen. The epoch in the middle of the time series is taken for the
time O calculation and later construction of theO C diagram.

All the tted and derived quantities can be printed, and optionally, the visualisation
of the states before and after the tting can be plotted (Figure A.3). A rough estimate
of the instantaneoudV; should be made as an initial state from which the tting starts.
The initial state slightly in uences the uncertainties. The tting is a reliable tool of
the minima timings estimation from surveys. The apsidal motion or a combination
of several e ects can deform the light curve. These possible distortions should be
considered individually for each season. It is necessary to derive the model light curve
for the current time series and check the primary and secondary minima phases. The
code can be used afterward, and all steps can be repeated iteratively if needed.
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Script 2.1: Python code for deriving minima timings using photometric surveys.

#Data must not contain outliers
#Instantaneous MO should be estimated for better fitting
#Two or more data points at precisely the same time cannot be used

#Packages import

import numpy as np

#import matplotlib.pyplot as plt #optional package for a
visualization, depends on the user

import math

from math import *

import scipy

from scipy.interpolate import interpld

from scipy.optimize import minimize

#Upload necessary data

#Ephemeris: period and instantaneous MO (original MO, but shifted for
the given time series for better fitting

#Phase of the secondary minimum for the given dataset (the primary
minimum is always in phase 0)

P =
MO =
phase s =

#Time series
t, mag, err = np.loadtxt("path\\time_series.dat", unpack=True)

#Phase curve
phase, mag, err = np.loadtxt("path\\phase.dat", unpack=True)

#Residuals
t, mag_r, err = np.loadtxt("path\\residuals.dat", unpack=True)

model = mag-mag_#model from SILICUPS
#Fitting starts here

#Assuming these inputs:

#Phase: x-points, common for both sets

#Mag: first set (with phase that will be shifted)
#Model: second set (reference model, phase does not change here)
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#The error function as a sum of squares: shifts the phase so that the
sum of the squares of the errors is minimal

def error_by_shift(shift, phase, mag, model, model_phase, err):
shifted_phase = phase + shift
model_interp = interpld(model_phase, model, bounds_error=False,
fill_value="extrapolate")
model_sampled = model_interp(shifted_phase)
return np.sum(((mag - model_sampled) / err) ** 2)

#Phase shift fitting
result = minimize(
error_by_shift,
x0=0.0,
args=(phase, mag, model, phase, err),
method='L-BFGS-B',
bounds=[(-0.1, 0.1)]

)
fitted_shift = result.x][0]

shifted_phase = phase + fitted_shift

model_interp = interpld(phase, model, bounds_error=False, fill_value=
"extrapolate™)

model_sampled = model_interp(shifted_phase)

#Bootstrapping method for error of phase shift estimation

n_bootstrap = 1000 #Number of iterations

scale_factor = 1.0 #The error can be increased by the scale factor
for more realistic estimation

boot_shifts = []

np.random.seed(100)

for _ in (range(n_bootstrap)):
indices = np.random.choice(len(phase), size=len(phase), replace=
True)
phase b = phase[indices]
mag_b = mag[indices]
err_b = err[indices]
model_b = model[indices]

mag_b_noisy = mag_b + np.random.normal(0, err_b * scale_factor)

res = minimize(
error_by_shift,
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x0=0.0,

args=(phase_b, mag_b_noisy, model_b, phase b, err_b),
method='L-BFGS-B',

bounds=[(-0.1, 0.1)]

)
boot_shifts.append(res.x[0])

boot_shifts = np.array(boot_shifts) #Array, mean, and standard
deviation

mean_shift = np.mean(boot_shifts)

std_shift = np.std(boot_shifts)

ci_lower, ci_upper = np.percentile(boot_shifts, [2.5, 97.5]) #95 %
confidence interval for phase shift

#Calculations of minima timings and uncertainties

t middle = (np.max(t) + np.min(t)) / 2 #The epoch is derived for the
middle of the time series

shift_t = -fitted_shift * P

E = np.floor((t_middle - MO) / P)

Ch=MO+P*E

Op = shift_ t + Cp #Primary minimum

Cs = MO + P * (E + phase_s)

Os = shift t + Cs #Secondary minimum

error_O = std_shift * P #Uncertainty is the same for both minima
timings

#Visualization of the initial and final state can be added by
matplotlib, optional, depends on the user by plotting the
parameters phase with mag and phase with model (for the original
state) and shifted_phase with mag and phase with model (the state
after the fitting)

#Result list, can be set by the user
print("Results of the fitting")

print(f'Phase shift: {fitted_shift:.5f} {std_shift:.5f}")
print(f"Epoch: {E}")

print(f'Primary minimum: {Op:.4f} {error_0O:.41}")
print(f"Secondary minimum: {Os:.4f} {error_O:.41}")
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24 O C diagrams

The O C diagrams (also called eclipse time variations (ETV) in the case of eclipsing
systems) represent a precise tool for studying period e ects within the system. The ob-
servedO and calculatedC times were introduced in the previous section. The observed
minima timings are derived from the light curves using the suitable tting methods
described above. TheC time is predicted to describe the period and the additional

e ects. The simplest case is a linear ephemeris. Assuming the constant period and the
known zero epochMy, the next primary minimum time C is predicted as:

C=My+ PE; (23)

where P and E are the orbital period and epoch, respectively. Th® C diagram

is a plot of the comparison between the observations and the predictions over time
or epoch. The constant and correctly determined period shows no variations in the
diagram. Therefore, all the points uctuate around the zero value.

The inaccurateM, parameter causes the vertical shift. Th&® C diagram shows
the shape of the oblique line if the orbital period is constant but inaccurately derived.
The linear tting and the C times recalculation with the new values can correct both
Mo and P parameters. The re nement leads to the line around the zer®@ C.

The O C course can detect more complex phenomena over time. Non-linear
models should describe the variations to study the e ects adequately. A combination
of multiple e ects is also possible. Parabolic changes reveal a mass transfer between the
components. The diagram shape indicates the period change (upward parabola for the
period increase and downward parabola for the decrease). In the case of conservative
mass transfer, total massn = m;+ m, and total angular momentumL =L ;+L , are
conserved. These quantities are not constant in non-conservative mass transfer within
the entire system. The basic description of these phenomena and the period change
rate P_is determined by a quadratic ephemeris:

PR
-

The apsidal motion is observed in some eccentric systems. The line of apsides
changes periodically. The phenomenon is caused by the distortions in the components
internal structure. It can also occur due to relativistic e ects or gravitational inter-
actions with additional bodies (if present), which can a ect the precession rate. The
phases of primary and secondary eclipses vary with the apsidal motion period Two
sine waves in the anti-phase are observed in tl@ C diagram. One cycle lasts typi-
cally several decades or longer (Hong et al., 2016; 'va®ifek et al., 2008).

Applying the O C analysis for the doubly eclipsing stars and multiples presents
an important way to determine new knowledge of these systems. The study can reveal
the gravitational bond between the pairs and their mutual outer orbit. Several di erent
periodic phenomena can be observed on tie C due to the common orbit and gravi-
tational interactions. The LiTE (Light Time E ect) is related to the system's geometry
(Irwin, 1959; Mayer, 1990). The presence of the additional component in uences the
binary star, since the pair and the third body orbit their common centre of mass. The
companion could be an additional star, a binary, or an exoplanet. More LITE varia-

C= My+ PE + QE?; Q= (2.4)
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tions can exist simultaneously for the cases of multiple stellar or exoplanetary systems
(e.g., TIC 9493888 (S1 Cam) in Chapter 3).

The true inner period of an eclipsing binary remains constant. However, the periodic
sinusoidal variations caused by a third body are observed. When the binary is closer
to the observer during the outer orbit, the light needs a shorter time to reach the
detector. Thus, the eclipses will occur earlier with the negativ® C value on the
diagram. On the other hand, the second binary is more distant at that time. The light
requires a longer time to be detected, which causes the positi® C against the
zero value. This e ect is repeated with the outer orbital periodP,g (generally noted
asP; for the third body). Hence, theO C diagram shape is sinusoidal with the same
variation course for primary and secondary minima. Assuming a coplanar outer orbit
(outer orbit inclination i3 =90 ), the mass functionf ,,(m3) can be derived as:

(azsiniz)® (m3sinis)®
P$ (my + my + mg)?’

fm(ms) = (2.5)
where the my.,.; are the individual masses andi; the semi-major axis. The lower
mass limit of the third body is estimated, providing a constraint between a stellar and
an exoplanetary solution. However, the limit is typically underestimated.

The LITE analysis is widely used for triple stars (Borkovits et al., 2016, 2022).
Furthermore, it also serves well to con rm the quadruple nature of doubly eclipsing
systems. The LiTE can be observed for both eclipsing binaries. Figure 2.8 shows the
simulated situation of the doubly eclipsing quadruple with two equally massive pairs
and an outer period ofLOyears, assuming a circular orbit. The variations of both pairs
must have the same outer periodP g because the same periodic motion is observed.
The shapes have to be strictly in anti-phase (as indicated in Figure 1.7). The masses
of the binaries are generally di erent. With the mass and momentum conservation,
the LITE amplitudes A, and Ag depend on the pairsmassesn, and mg. The mass
ratio gag is then derived from LITE amplitudes:

O = — = +— (2.6)

Therefore, the LITE analysis provides strong results because the mass ratio is derived
only from the long-term photometry. LITE could be accompanied by additional ef-
fects, most notably apsidal motion (e.g., Zasche et al. (2023b) and herein ASASSN-V
J233336.79+615012.0 (S3 Cas) in Chapter 3).

The outer orbital periods can last for decades or hundreds of years. The con rmed
quadruples with known or estimated outer orbit parameters are usually those with
shorter periods, typically several years. However, the number of these well-described
and comprehensively analysed systems is limited. Longer motions are usually beyond
the current observational timescale.

Remarkably, there are quadruple systems with extremely short outer periods of
less than a year. BU CMi, analysed by Pribulla et al. (2023), is the most compact
case with an outer period of only 122 days. Powell et al. (2025) summarised the ten
shortest outer periods (Table 1 therein), including two new compact systems, TIC
392229331 and 285853156. The periods are arowad days long for both quadruples.
Such binaries in these tight con gurations cannot be formed in their current separation,
but initially at a much wider distance. The formation and dynamical evolutionary

29



processes made the binaries go inward to the present observed state. All three orbits in
each system (two inner binaries and one outer orbit) are almost coplanar. Interestingly,
the eccentricities of the outer orbits are signi cantly high (more than0:3). Powell

et al. (2025) suggested that the primary formation process was the core fragmentation,
followed by inward evolution (shortening the pairsseparation) due to the dynamical
friction of the surrounding gas.

Figure 2.8: SimulatedO C diagrams of the 2+2 quadruple system, assuming LiTE
without further e ects and a circular coplanar orbit. Both pairs have identical masses,
the outer orbit period Pag = 10 years.

The dynamical e ects are applied in multiple systems by the mutual interactions
(tidal, gravitational, etc.) between the components (Borkovits, 2022). Here, two eclips-
ing binaries interact with each other. TheO C description using only the geometric
LIiTE variations is not su cient for these compact multiples. The dynamical e ects
have to be considered, especially for very compact structures. These interactions form
a complex physical phenomenon. These periodic variations are measured primarily
with the same outer period as LITE. Two correlated sine waves are observed in the
O C diagrams.

The dynamical e ects can dominate theD C variations for remarkably short outer
periods. The LIiTE is observed to be more signi cant in the quadruple systems with
their outer orbital cycles several years long. Rowden et al. (2020) derived the outer
period for TIC 278956474 to860 days (2:36 years). The strict LITE variations are
noticeable in theO C diagrams with no apparent signs of dynamical perturbations.
Zasche et al. (2019) made a graph with the outer periods and the ratio between LiTE
and dynamical amplitudes (Figure 1 therein). With the typicalP,g values of several
years, LITE amplitudes are higher in orders of magnitude. A similar case is probable
for the ASASSN-V J000432.60+632605.0 (S1 Cas) system (more details are provided
in Chapter 3). The dynamical e ects are possibly not negligible in these systems, but
their in uence is minor.

2.5 Spectral energy distribution

The spectral energy distribution (SED) is the ux density as a function of wavelength
or frequency . This thesis uses the wavelength in Angstroms [A] on the x-axis and
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the ux density per unit wavelength F in erg/s/cm?/A on the y-axis. Both axes are

on logarithmic scales. The SED of stars and multiple systems can be investigated as
blackbody radiation. However, this approximation presents only the rst step. Con-
sidering the stellar atmosphere templates, for instance, the widely used Castelli and
Kurucz (2003) models, is more appropriate to describe the radiation reliably.

The SED analysis examines the object using the multi-band photometry. Each
Iter does not create monochromatic radiation but has a de ned wavelength range.
The ux density is generally time-dependent for the variable stars. The observations
taken during or out of the eclipses can di er. Therefore, each data point should contain
the precise information on the wavelength range and time of observation. The observed
ux is a ected by the extinction, whose in uence must be eliminated before the SED
analysis.

The main result of the SED tting is the e ective temperature, and further, the
surface gravitylogg, and the metallicity. All the components contribute to the total
ux in an unresolved binary star or multiple system. Figure 2.9 depicts the composite
SED of TIC 219006972 and the individual components, adopted from Kostov et al.
(2023). The nal SED output is a composite temperature of the entire system. The SED
presents a valuable temperature estimation tool when comprehensive spectroscopic
data to model the individual components are lacking. The estimated tting value
serves as the maximum limit for the components. This constraint should be used with
caution and considering the other parameters. The light curve shape, in more bands
ideally, can reveal the temperature ratio estimation between the components. When the
primary and secondary eclipse depths di er signi cantly, the primary star dominates
the system, and its temperature is higher compared to the others. The temperatures
are relatively equal when the primary and secondary eclipses are identical.

The components can deform the composite SED shape. They can enlarge the ux
in the speci ¢ bands, which only a single object would not cause. This overall com-
position could aect the nal SED tting. Using the composite temperatures has
the limitations de ned by the mentioned factors. Several surveys provide tempera-
ture measurements using di erent methods. Gaia DR3 (Gaia Collaboration, 2023) is
one of the most common. However, the automatic pipelines could overlook important
details and provide misleading outputs. For instance, the surrounding stars could in-
uence the measurements, and the observations during the eclipses would change the
colour index. For these reasons, the SED modelling provides an independent compos-
ite temperature source that takes into account the individual properties instead of
the automated tting. Chapter 3 compares the SED temperatures with Gaia, TESS
(Stassun et al., 2019), and StarHorse (Anders et al., 2019) catalogues. The mentioned
issues involve the binaries and multiple stars in general. The quantities derived from
the SED are essential for advanced research. The tting results should be the standard
initial parameters that should be available in catalogues in the near future.
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Figure 2.9: The SED of the TIC 219006972 quadruple, adopted from Kostov et al.
(2023). The red dots represent the observations and the black line the composite SED,
the colourful lines show the individual stars.

2.6 Spectral analysis

Spectroscopic observations provide an enhancement to photometric measurements,
enabling the analysis of stellar atmospheres and radial motions. Essential spectral
parameters are the resolving power (or resolutiorfR and signal-to-noise ratio S/N.
The resolving powerR = — states the ratio between the observed wavelengthand

the smallest wavelength dierence  that can still be distinguished. The typical

R values usually range betweerd(®> and 1. Higher resolution enables to study of
the line proles in greater detail. The signal-to-noise ratioS=N = S expresses the
mean signalS in relation to the standard deviation of the noise. A minimal value of
S=N 50is generally required for radial velocity measuring.

Spectral analysis plays a crucial role in the research of multiple stars. A quadruple
system comprises four stars in total. Thus, the spectral lines of all four components
can be theoretically visible. The lines of the individual components di er in several
parameters (e.g., in depth, width, and central wavelength). The precise line positions
vary with the radial motions of the individual stars. The system moves as a whole,
which could cause the spectral lines to be systematically Doppler-shifted due to its
non-zero systemic radial velocity . Both pairs orbit with the outer orbital period Pag
around the common centre of mass with their radial velocitieg,.g. Furthermore, the
components orbit within each pair with their inner periods. The inner motion is the
shortest within the system. It causes the most considerable variations in spectral line
positions in the short term. On the other hand, the outer orbit requires long-term
observations to be properly detected.

The combined line shifts are observed as a result of all the mentioned phenomena.
The rst view of the spectra could be ambiguous. The spectral lines would appear
deformed or split. In some cases, the shifts could create a merge. For instance, pair
A can merge with lines of pair B at some speci ¢ observational time. Thus, the spectral
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analysis is generally not trivial and requires measurements at the di erent orbital
phases for both binaries.

The radial velocities are measurable adequately when the spectral lines are correctly
identi ed and disentangled. Firstly, the inner motion of each pair should be detected.
The spectroscopic measurements should ideally cover the entire orbital cycle for both
binaries. The orbital inner periods must be known precisely to construct the phase-
folded radial velocity curves. The accuratd’, and Pg values are primarily derived
from photometry. The phase predictions can then be calculated. It is advantageous
in the beginning to measure the system with speci c phases to better recognise the
inner orbital motions. For instance, the pair A eclipses can be observed, expecting
practically zero radial velocities and negligible shifts for this binary. In this case, the
spectrum contains a constant contribution of pair A. At the same time, the orbit of
pair B produces its line shifts. The pair B spectral lines would then be identi ed. The
same observations should also be made for pair A.

The outer mutual motion is de ned as a long-term e ect on the radial velocity
curves. The radial velocities of both pairs move against each other over time, creating
the periodic variations with the outer orbital period. The system is spectroscopically
conrmed as a quadruple if the outer orbital motion is detected. The radial velocity
amplitudesK o and Kg give the mass ratiog,g between the pairs:

Qg = — = ~— (2.7)

Measuring the spectra during the eclipses of both binaries could be a helpful tool to
measure their velocities on the outer orbit. The outer motion is measured within the
long timescale with the known inner radial velocity curves.

The spectral lines must be disentangled to calculate the radial velocities. The most
common approaches to disentangling are Fourier-based methods and cross-correlation
(CCF) with template spectra. The CCF compares observed spectra with synthetic tem-
plates to identify similarities. Torres et al. (2017) presented the radial velocity curves
for V482 Per. The system is unique with well-measured inner orbit radial velocities of
both binaries (Figure 2.10) and their outer motion (Figure 2.11). The individual spec-
tra were disentangled by the cross-correlation. Another possibility is using a Gaussian
process method described comprehensively by Czekala et al. (2017). The main princi-
ple of this method is to recover the individual spectra and the radial velocities without
using the xed templates. The Doppler shifts are tted for all assumed components.
The method assumes a time-stationary spectrum without strong spectral variability
(e.g., spots and ares). Using this method bene ts from better tting the data with
a lower S/N ratio, because it relies on more exible principles than the line templates.
A Gaussian process (Czekala et al.,, 2017) was used to disentangle the ASASSN-V
J233336.79+615012.0 (S3 Cas) spectra in Chapter 3. The composite lhes and
modelled He |1 5876 lines are shown in Appendices (Figures A.7 and A.6).

A comprehensive quadruple system study requires a large dataset of high-quality
spectroscopic observations. Ideally, the spectra must have su cient resolving power to
measure all four components. These constraints allow the complex analysis of bright
systems. The exposure time could be the limiting factor for short-period pairs. If the
exposure time is too long, it may cover a signi cant fraction of the orbital cycle. In this
case, the spectral lines appear smeared, and the resulting information can be limited.
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If the time is longer than approximately 5 % of the orbital period, the spectrum can
be blurred signi cantly (J. Janik, private communication). This issue arises primarily
for the fainter objects that require a long exposure time. The speci ¢ observational
criteria depend on observing conditions and the used technique.

Figure 2.10: Radial velocity curves of the quadruple system V482 Per for inner binaries,
pair A with a 2.4-day period (left) and pair B with a 6-day period (right), the radial
velocities are corrected for the outer motion, adopted and modi ed from Torres et al.
(2017).

Figure 2.11: Radial velocity curve of the outer motion of two pairs for V482 Per, the
inner orbit in uence is subtracted to see clearly the outer motion with the period of
16:67 years, the orbit shows signi cant eccentricity, adopted from Torres et al. (2017).

2.7 Modelling

The physical modelling of the 2+2 eclipsing quadruple systems involves several dif-
ferent data types. Combining all the measurements over a long timescale is essential
to obtain comprehensive results. The photometric observations represent the main
source of information in most cases. Light curve modelling can provide the rst step
to a complex analysis. TheD C diagrams constructed from the minima timings can
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reveal the quadruple nature of the studied system and derive the orbital parameters.
The composite temperature can be acquired from the SED tting. The relative depths
of the eclipses allow for an estimation of the individual stellar temperatures. If the
radial velocities are available from the spectroscopic observations, the radial velocity
curves can be modelled along with the light curves. It is suitable to use more robust
models for dynamical systems with short outer periods (e.g., Pribulla et al. (2023) and
Borkovits et al. (2021)). For LITE dominant con gurations, both pairs can be analysed
separately (Chapter 3 herein or Zasche et al. (2022a)).

The light curves are detrended and disentangled before the modelling. The am-
plitudes of the eclipses are mutually in uenced. Thus, the third light parameter is
generally assumed to be high. The initial values could be set &) % for both pairs,
depending on the individual systems. The third light sum should theoretically be
100 % However, this value is higher in practice. The reason is the additional light
contamination. This increase could indicate another stellar component within the sys
tem. On the other hand, the argument alone is not su cient to assert this possibility.
The main source of the additional light is from nearby stars that are not related to the
system, especially in the TESS data. Unsurprisingly, the sum of the third light from
TESS can exceed 00 % Therefore, the results of the third light from TESS and other
higher-resolution observations generally di er.

PHOEBE (PHysics Of Eclipsing BinariEs) software, version 0.32 (Pr2a and Zwit-
ter, 2005), was used to model the light curves. The package is based on the Wilson-
Devinney code (Wilson and Devinney, 1971). Two possible tting methods, di erential
corrections and Nelder-Mead simplex, are available. The output is a physical binary
model. In other words, it is essential to calculate the physically consistent parame-
ters according to the known information. In contrast to phenomenological models, the
nal parameters should be the same for the light curves in di erent bands. Further-
more, a possible light curve asymmetry, deformation, and other in uences should be
physically explained.

The tting process requires an initial set of parameters. The main inputs are the
linear ephemeris valuesR and M), estimated e ective temperaturesT; and T,, the
rst approximation for radius ratio R;=R, and mass ratiog, surface coe cients (albedo

and gravity brightening ), and the third light |;. The orbital elements from the
O C modelling, primarily an eccentricity e and argument of periastron! , can also be
added (if known). The ephemeris and temperature of the primary star are commonly
xed throughout the tting. In most cases, the synchronicity component parameters
F, and F, are set tol, meaning the rotation period coincides with the orbital period.
The initial third light value can be set to 50 % and later treated as a free parameter.
The limb darkening coe cients are gradually tted with improved accuracy of the
e ective temperature. The surface coe cients are primarily set to constant nominal
values during the tting. They can be tted in the end to improve the nal model.

Deriving the photometric mass ratioq is usually not trivial. Several indirect meth-
ods can provide a su cient g value estimation. The g-search method evaluates the
models with di erent mass ratios and seeks the optimal solution with the minimal cost
function value (minimal residuals). The step size and precise values can be adaptively
re ned as the solution approaches convergence. Kouzuma (2023) introduced a new
method of photometric mass ratio estimation for overcontact binaries. The procedure
uses the third derivative of the light curve and speci c time intervals. This approach
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was tested using the systems with known spectroscopic mass ratios, and gives a typical,
realistic uncertainty of approximately O:1.

Graczyk (2003) stated the formulas for mass ratio calculating using the PHOEBE
bolometric magnitudesM o1 and Mg and luminositiesL, and L ;:

logL, loglL,= Mb°'22—5Mb°'1 (2.8)
_logL, logL;
logg= 3664 : (2.9)

The light curve is modelled with the xed initial gqparameter. The equations 2.8 and 2.9
are then applied to re ne the mass ratio. The process is repeated until tiogparameter
remains unchanged within the uncertainty. The method is adequate primarily for the
semidetached and contact systems.

The PHOEBE tting and light curve plotting are shown in Appendices in Fig-
ures A.4 and A.5. The sample modelling is shown for the pair A of ASASSN-V
J000432.60+632605.0 (S1 Cas) system, described in more detail in the following Chap-
ter. The radial velocity modelling is also possible in PHOEBE. Using the photometric
and spectroscopic data simultaneously, the software can acquire other essential param-
eters, mainly the radii, semi-major axis, and enhanced mass ratio value. However, the
spectroscopic measurements are not widely available for most of faint 2+2 candidates,
and the modelling relies mainly on photometry.
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Abstract

Doubly eclipsing quadruple systems provide an excellent opportunity to analyse mul-
tiple stellar systems and their evolutionary processes. However, their fundamental
parameters and multiplicity have been derived in only a few cases. We conducted
new observations and studied ten doubly eclipsing 2+2 candidates in the Northern
sky. The new ground-based measurements were combined with TESS and archival
data from available additional surveys (ASAS-SN, ZTF, and SuperWASP). We de-
trended and disentangled the light curves to derive precise minima timings. Further
modelling was made using the PHOEBE 0.32 software package. Orbital peri@d C
analysis revealed seven candidates as newly con rmed quadruple systems. We iden-
tied ASASSN-V J020003.56+452605.2 as a blend of two independent binaries. The
spectral analysis was carried out for ASASSN-V J233336.79+615012.0, and all four
components and their radial velocities were measured. Notably, TIC 9493888 was con-
rmed as a quadruple system, and th@ C variations suggest the presence of a fth
component, another star, or an exoplanetary object.

3.1 Introduction

Doubly eclipsing quadruple systems represent one of the new rapidly growing research
elds of stellar astrophysics in the era of modern photometric surveys and satellites.
They are unique astrophysical laboratories for studying multiple systemgroperties
and evolution. The 2+2 structure containing two inner binaries o ers the unique op-
portunity to detect new candidates through eclipses. Hundreds of new doubly eclipsing
systems were identi ed in our Galaxy using TESS (Ricker et al., 2015) light curves
(Kostov et al., 2022, 2024; Zasche et al., 2022b) and Zwicky Transient Facility (ZTF)
(Vaessen and van Roestel, 2024). Other candidates were found in the Large and Small
Magellanic Cloud (LMC and SMC) and the Galactic Bulge by the OGLE IIl and IV
surveys (Pawlak et al., 2013, 2016; Zasche et al., 2019; Adam et al., 2023). Nowadays,
the total number of known 2+2 candidates is around. 00Q

We denote both eclipsing binaries as pair A (usually the rst detected) and pair
B. Both binaries have their inner orbital periodsP, and Pg. Besides the inner motion,
both pairs are gravitationally bound and orbit their common centre of mass with
the outer Pog period. The outer periods are usually several years or decades long.
Long-term monitoring of the minima timings can be used to con rm the quadruple
nature. With the analysis of theO C diagrams (sometimes referred to as eclipse time
variations) for both inner pairs, the mutual motion is detected through the light time
e ect (LITE). However, there are known cases with very short outer periods of around
a year or shorter where the dynamical e ects in the system play a signi cant role and
dominate over LIiTE (e.g., Kostov et al. (2021); Pribulla et al. (2023)).

Yet only a small fraction of the doubly eclipsing candidates are con rmed quadruple
systems. The open question of inner period ratio preferences and possibly more stable
resonant states is still not answered adequately. More stellar multiples, i.e., triples,
guintuples, sextuples, etc., are also found. Furthermore, binary structures are also ap-
plied in these multiple type con gurations (Powell et al., 2021). This fact makes the
doubly eclipsing quadruples even more important because their structure and evolu-
tion can be applied to study other multiples. For these reasons, studying the individual
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doubly eclipsing systems more comprehensively and combining several available ob-
serving techniques is essential.

Photometric observations present a relatively straightforward method for the initial
study of these systems. Satellite data and ground-based observations, provide us with
a wide timescale to con rm the gravitational bond between the inner binaries. It is
important to have as accurate data as possible and continue to observe the known
objects. Another essential step is to add more data types, including spectroscopy.
The analysis should also consider spectral energy distribution (SED), astrometry, and
interferometry.

This paper presents a comprehensive study of ten doubly eclipsing 2+2 quadruple
candidates in the Northern sky. This research is conducted by the Squadra group,
made up of academics, students, citizen scientists, and collaborators. We introduce our
methodology in this rst part of the paper series. Photometry, SED, spectroscopy, and
long-term observations are the main cornerstones of this analysis. The study of S3 Cas
(ASASSN-V J233336.79+615012.0) is described as a sample example. Then, we show
the results for the individual systems. We can conclude seven systems as con rmed
quadruples, including one candidate, S1 Cam (TIC 9493888), for a quintuple star, or
a quadruple with an exoplanet.

3.2 Observation and Data Collecting

3.2.1 Studied Objects

We selected suitable candidates from Zasche et al. (2019); Zasche et al. (2022b) and
Kostov et al. (2022) to assemble new ground-based observations. The criteria were
selected according to the available telescopes. The typical brightnesses were in the
range ofl1l- 15mag inV band. The period values vary between a few hours and several
days. Finally, the amplitudes of all four eclipses must be su ciently visible in our data
and in at least some of the other surveys used. The last condition sets a constraint of the
minimal amplitude values betweerlO mmag and40 mmag, depending on the speci c
telescope and local conditions. The 2+2 candidates studied in this paper are listed in
Table 3.1. The text uses working names, consisting of the constellation abbreviation
and a serial number, for better clarity and readability. The basic orbital parameters
are summarised in Table 3.2.

3.2.2 TESS

TESS light curves were acquired using the Python package Lightkurve (Lightkurve
Collaboration et al., 2018). First, the background noise was subtracted, and the uxes
were normalised and converted to di erential magnitudes. The original datasets con-
tain a variable signal of both binaries. Hence, further analysis requires the light curves
to be disentangled into individual pairs. The disentangling process was done using
the SILICUPS software (Caga?, 2017; Pejcha et al., 2022). This method is based on
the phenomenological light curve tting by template function from Mikuld?ek (2015),
which is iteratively repeated. One binary was modelled initially, and its contribution
was subtracted to obtain the second one, and vice versa. The disentangling usually
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requires a few iteration steps. The harmonic polynomials were additionally used for
the cases of total eclipses, where the SILICUPS tting did not reach high accuracy.

Data were detrended simultaneously with the disentangling. Chebyshev polynomi-
als ofn degree were used. The TESS sectors were divided into smaller parts to better
cover the instrumental errors and trends. The polynomial degree was individually
considered and set usually up to the valu&0. After the successful disentangling and
detrending procedures, the residuals for both eclipsing pairs were the same, with only
potentially negligible uctuations.

3.2.3 New Observations

Follow-up ground-based observations contain primarily photometry. The measure-
ments were carried out in di erent bands according to the equipment. The frames
were processed using standard corrections and calibrations, including composite mas-
ter dark and at- eld frames. The di erential aperture photometry was used to obtain

the nal data, which was subsequently analysed. Suitable comparison and check stars
were chosen based on angular vicinity, similar brightness, and spectral type. These
steps were made using software C-Munipack 2.1 (Motl, 2011) and SIPS 4.2 (Pejcha
et al., 2022). The following instruments were used for the new photometric measure-
ments:

i. ASA 800 + G4-16000 and C5A-150M, Sdanice, Czech Republic,
ii. Newton 600 + G4-16000, Brno, Czech Republic,
iii. D400 + G2-0400, Prost¥jov, Czech Republic,
iv. NWT 200 + G2-1600, Veverska Bity2ka, Czech Republic,
v. NWT 200 + CMOS C2 7000A, Znojmo, Czech Repubilic,
vi. CARL ZEISS 200 + QHY 294 Pro Mono, Jirny, Czech Republic,
vii. SCT 250 + MIlI G2-1000BI, FRAM-CTA-N, La Palma.

We focus on one speci ¢ system, S3 Cas, to acquire new spectroscopic observations.
We preferred to collect a large amount of data for one object and analyse the spectral
dataset in greater detail, rather than measure only a few spectra for several objects.
This candidate is one of the brightest in our sample, making it suitable for our purposes.
Another three telescopes were used to gather new spectroscopic data:

viii. MUSICOS (MUIti-SIte COntinuous Spectroscopy) spectrograph at Skalnaté Pleso
Observatory, Slovakia, with a resolving poweR 38000

ix. HERMES (High-E ciency and high-Resolution Mercator Echelle Spectrograph)
spectrograph at La Palma, SpainR 86 000

X. OES (Ond°ejov Echelle Spectrograph) on the 2-m Perek telescope, Astronomical
Institute of the Czech Academy of Sciences in Ond°ejov, Czech Republic, a reso-
lution R 40000
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Table 3.1: List of studied doubly eclipsing systems, th¥ magnitude was stated by
Zacharias et al. (2013), RA and DEC are in Eqg. 2000.

Name Working Name  RA[] DEC[] V [mag]
ASASSN-V J000432.60+632605.0 S1 Cas 1.13583 63.43473 12.332
ASASSN-V J020003.56+452605.2 S1 And 30.01481 45.43476 11.982
TIC 9493888 S1 Cam 69.51021 55.73152 13.143
ASASSN-V J081048.48+133402.0 S1Cnc 122.70200 13.56722 13.643
ZTF J194856.47+360309.2 S5 Cyg 297.23533 36.05257 15.160
Brh V154 S1 wul 301.67721 24.98909 13.013

GSC 02693-00926 S1 Cyg 306.68275 35.34167 11.923

NSVS 5871089 S3 Cyg 313.10229 38.17175 11.100

ZTF J205229.71+473345.9 S6 Cyg 313.12383 47.56276 13.838
ASASSN-V J233336.79+615012.0 S3 Cas 353.40329 61.83668 11.146

a: Zacharias et al. (2015).

The spectroscopic data were processed, calibrated, and normalised by standard
procedures. H emission line was observed within all three datasets (the Hsample
spectrum is available online). The HERMES and MUSICOS spectra were disentangled
using Gaussian process tting implemented in MATLAB. The spectrum of each com-
ponent was modelled as a Gaussian process across all observing epochs. The individual
spectral lines were Doppler-shifted, and the radial velocities were measured. The com-
posite spectrum was obtained as the sum of the four realised models. The method is
described by Czekala et al. (2017). The disentangling and radial velocity measuring
were made for He | 5876 and 6678 lines. The sample ts are available online.

3.2.4 Other surveys

Besides the new observations and the TESS light curves, we processed the available
data from the surveys ASAS-SN (Kochanek et al., 2017; Jayasinghe et al., 2019), ZTF
(Vaessen and van Roestel, 2024), and SuperWASP (SWASP) (Pollacco et al., 2006;
Smith and WASP Consortium, 2014) as well. The data were divided into smaller parts
according to the observing seasons, and the light curves were disentangled by using
the same methods described above.

3.3 S3 Cas Analysis
3.3.1 O C diagrams

Minima timings were determined using the SILICUPS software b¥it minimum tool.
applied an automated tting process of tting all the minima in the dataset for TESS
and our new light curves. The derived results were then manually inspected.

The other survey data were using a di erent method. Since they do not have
continuous time series, the minima timings cannot be tted directly. We took the
smaller datasets, usually according to observational seasons, where we can still manage
the disentangling to see the light curves of both pairs clearly. The phase-folded light
curves and the phase shift estimation were then used to acquire te C value from
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Table 3.2: Orbital parameters of the studied doubly eclipsing candidates (inner orbital
period P and zero epoctM, for each pair.

Name P, [days] Moa [HID] Pg [days] Mg [HID]
S1 Cas 1.0979165 2458772.2905 0.9944755 2458772.360
S1 And 2.889838 2458793.973 0.5891595 2458806.9617
S1 Cam 2.0989969 2458816.2345 2.706232 2458818.6891
S1Cnc 2122729 2457283.1503 4.013354 2459245.0095
S5 Cyg 0.6414049 2458687.6353 0.8664298 2458700.1961
S1WVul 0.554947 2459430.422 1.94456111 2459439.461
S1Cyg 1.3504470 2459421.845 1.0992030 2457600.805
S3 Cyg 0.7480267 2459440.8646  0.53787 2459426.562
S6 Cyg 1.9223369 2458728.427  1.153058 2458715.6435
S3 Cas 3.34301 2458975.462  1.266711 2458799.7349

the set. The estimation was done by phase shift tting in Python and in SILICUPS
by changing theM epoch.

The O C diagrams of both pairs were constructed and examined by the OCFit
software (Gajdo? and Parimucha, 2019). The S3 Ca® C diagrams are shown in
Figure 3.1. This system contains measurements from the ASAS-SN survey (addition-
ally with TESS and our data). The pair A is a ected by apsidal motion with period
U incomparably longer than the overall observing time. The vertical shift between the
primary and secondary minima timings is changing over time. However, the precise
apsidal motion model is currently unable to be obtained. Furthermore, th® C vari-
ations reveal the presence of the LIiTE e ect with a 7-year orbital period (see Table
3.4). On the other hand, the pair B variations behave di erently from the pair A case.
The non-linear changes are noticeable, but without a clearly detectable nature. The
possible interpretation would be a combination of several e ects that would require
more observational time to specify precisely.

Additional wave-like variations were detected in TESS data in the residuals. The
SILICUPS period search stated the period value t6:93631days, combining the avail-
able TESS sectors. This variation was subtracted, and hence, its in uence for the min-
ima timings precision is negligible. Due to the low amplitude of onl¥:04 mag, this
variation is seen only in TESS. The S3 Cas angular vicinity is unclear and contains sev-
eral stars as light contamination sources. Gaia DR3 2015579193692265216 intervene to
TESS and slightly to our data. The other two stars, Gaia DR3 2015579193692272000
and Gaia DR3 2015579365490951680, were only in the TESS aperture. None of these,
and other more distant objects, is known as the variable star with the corresponding
0.9-day period. Since these variations are not observed in other data, it is impossible
to tell which object they belong to.
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Figure 3.1:0 C diagrams of S3 Cas, upper panel: pair A with a combination of LiTE
and apsidal motion model, bottom panel: pair B.

3.3.2 SED

The spectral energy distribution (SED) was constructed and tted using the VOSA
(VO Sed Analyzer) tool (Bayo et al.,, 2008). The ux measurements were retrieved
from the VOSA database. The observed uxes were corrected for extinction param-
eter Ay = 1:48 0:05 mag. The extinction values were stated using Green et al.
(2019). The extinction strongly depends on distance. The Gaia DR3 (Gaia Collabo-
ration, 2023) or DR2 (Gaia Collaboration, 2018) distances (or parallaxes) were taken
for consistent methodology and results. The SED t for S3 Cas is depicted in Figure
3.2. The resulting SED temperature means the composite value for the whole system.
All four components are re ected in the SED and the t. Hence, the resulting temper-
ature shows the maximum limit for the components, not indicating the individual star
temperatures. The composite temperature for S3 Casi$b00K (Table 3.3) with an es-
timated uncertainty of 200K from the VOSA tting. The SED gives us constraints on
the maximum temperature limit.
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Table 3.3: Composite temperatures (in K) of the analysed objects (S1 And was not
included in further analysis), SED tting, Gaia DR3 or DR2 (Gaia Collaboration,
2023, 2018), TESS input catalogue (Stassun et al., 2019), and StarHorse catalogue
(Anders et al., 2019).

System SED Gaia TESS StarHorse
S1Cas 8300 7200 8200 9500
S1 Cam 5500 5308 5100 6200
S1Cnc 6300 6300 6400 6300
S5 Cyg 6500 6400 X X
S1wvul 5500 6300 X X
S1Cyg 7500 5400 6300 8600
S3 Cyg 9000 6600 6800 6700
S6 Cyg 5500 5100 x X
S3 Cas 7500 5908 8000 6900
a: Gaila DR3, b: Gaia DR2

Figure 3.2: The SED of S3 Cas, tting from VOSA.

3.3.3 Physical modelling

We performed the physical light curves modelling of both pairs. The calculations were
made using the PHOEBE software, version 0.32 (Pr2a and Zwitter, 2005), described
for S3 Cas in greater detail. Pair A eclipses dominate the system (Figure 3.3). For this
reason, we assumed larger temperatures and radii for pair A than for pair B. The third
light values were set initially to 50 % and left as a free parameter during the tting.
The TESS sector 78 and our new data in th® band were modelled.

Both pairs' light curve models were depicted in Figure 3.3, and the fundamental
parameters are summarised in Table 3.5. The sum of the third light i$25 % for
TESS and114 %for our observations inR. These values correspond with the assumed
prediction of the third light increase due to the stars in the systefs vicinity. The
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Figure 3.3: S3 Cas light curves, data and PHOEBE model, upper panel: pair A, bottom
panel: pair B.

TESS data were in uenced more signi cantly by the surrounding objects. The non-
zero eccentricity value of pair A agrees with th® C diagram.

The disentangled radial velocities are shown in Figure 3.4. The graphs contain
HERMES and MUSICOS data. The OES spectra did not contain all the components,
and the disentangling was unsuccessful. The current phase coverage of the radial ve-
locity curves does not allow us to provide a consistent and reliable t to support the
photometric observations. Nevertheless, the S3 Cas system is suitable for follow-up
spectroscopic observations to enhance the essential parameters and the outer orbit.
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Figure 3.4: S3 Cas: phased radial velocities according to period for pair A (upper
panel) and B (bottom panel).

3.4 Other objects

We made the same methodology procedures described in detail for the S3 Cas system
for other examined candidates. This section presents the most important results and
remarks on each. The SED composite temperatures are listed in Table 3.3. The SED ts
are available online. There is also a comparison with the temperature values from Gaia
DR3 (if available) or DR2 (Gaia Collaboration, 2023, 2018), TESS input catalogue
(Stassun et al., 2019), and StarHorse catalogue (Anders et al., 2019). The physical
parameters from PHOEBE with typical uncertainty values are summarised in Table
3.5 (last column).
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