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FIGURE 1.1 The Fraunhofer lines (Courtesy Institute for Astronomy, University of Hawaii, www.harmsy.freeuk.com).

theory of the atom. Schrödinger’s success in finding the
right equation that would reproduce the observed hydro-
genic energy levels according to the Bohr model and the
Rydberg formula was the crucial development. Mathemat-
ically, Schrödinger’s equation is a rather straightforward
second-order differential equation, well-known in math-
ematical analysis as Whittaker’s equation [1]. It was the
connection of its eigenvalues with the energy levels of
the hydrogen atom that established basic quantum the-
ory. In the next chapter, we shall retrace the derivation
that leads to the quantization of apparently continuous
variables such as energy. However, with the exception
of the hydrogen atom, the main problem was (and to
a significant extent still is!) that atomic physics gets
complicated very fast as soon as one moves on to non-
hydrogenic systems, starting with the very next element,
helium. This is not unexpected, since only hydrogen (or
the hydrogenic system) is a two-body problem amenable
to an exact mathematical solution. All others are three-
body or many-body problems that mainly have numerical
solutions obtained on solving generalized forms of the
Schrödinger’s equation. With modern-day supercomput-
ers, however, non-hydrogenic systems, particularly those
of interest in astronomy, are being studied with increasing
accuracy. A discussion of the methods and results is one
of the main topics of this book.

Nearly all astronomy papers in the literature iden-
tify atomic transitions by wavelengths, and not by the
spectral states involved in the transitions. The reason
for neglecting basic spectroscopic information is because
it is thought to be either too tedious or irrelevant to
empirical analysis of spectra. Neither is quite true. But
whereas the lines of hydrogen are well-known from under-
graduate quantum mechanics, lines of more complicated
species require more detailed knowledge. Strict rules,
most notably the Pauli exclusion principle, govern the
formation of atomic states. But their application is not
straightforward, and the full algebraic scheme must be
followed, in order to derive and understand which states
are allowed by nature to exist, and which are not. More-
over, spectroscopic information for a given atom can

be immensely valuable in correlating with other similar
atomic species.

While we shall explore atomic structure in detail in
the next chapter, even a brief historical sketch of atomic
astrophysics would be incomplete without the noteworthy
connection to stellar spectroscopy. In a classic paper in
1925 [2], Russell and Saunders implemented the then new
science of quantum mechanics, in one of its first major
applications, to derive the algebraic rules for recoupling
total spin and angular momenta S and L of all electrons
in an atom. The so-called Russell–Saunders coupling or
LS coupling scheme thereby laid the basis for spectral
identification of the states of an atom – and hence the
foundation of much of atomic physics itself. Hertzsprung
and Russell then went on to develop an extremely use-
ful phenomenological description of stellar spectra based
on spectral type (defined by atomic lines) vs. tempera-
ture or colour. The so-called Hertzsprung–Russell (HR)
diagram that plots luminosity versus spectral type or tem-
perature is the starting point for the classification of all
stars (Chapter 10).

In this introductory chapter, we lay out certain salient
properties and features of astrophysical sources.

1.2 Chemical and physical properties
of elements

There are similarities and distinctions between the chemi-
cal and the physical properties of elements in the periodic
table (Appendix 1). Both are based on the electronic
arrangements in shells in atoms, divided in rows with
increasing atomic number Z . The electrons, with prin-
cipal quantum number n and orbital angular momentum
�, are arranged in configurations according to shells (n)
and subshells (nl), denoted as 1s, 2s, 2p, 3s, 3p, 3d . . . (the
number of electrons in each subshell is designated as the
exponent). The chemical properties of elements are well-
known. Noble gases, such as helium, neon and argon, have
low chemical reactivity owing to the tightly bound closed
shell electronic structure: 1s2 (He, Z = 2) 1s22s22p6 (Ne,
Z = 10) and 1s22s22p63s23p6 (argon, Z = 18). The

from Pradhan & Nahar (2011)

discovered by Wollaston (1802)
independently rediscovered by Fraunhofer (1815)

A 7594 Å terrestrial (O2)
B 6867 Å terrestrial (O2)
C 6563 Å H I Hα
D1, D2 5896, 5890 Å Na I

E 5270 Å Fe I

F 4861 Å H I Hβ
G 4300 Å CH
H 3968 Å Ca II

K 3934 Å Ca II
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theory of the atom. Schrödinger’s success in finding the
right equation that would reproduce the observed hydro-
genic energy levels according to the Bohr model and the
Rydberg formula was the crucial development. Mathemat-
ically, Schrödinger’s equation is a rather straightforward
second-order differential equation, well-known in math-
ematical analysis as Whittaker’s equation [1]. It was the
connection of its eigenvalues with the energy levels of
the hydrogen atom that established basic quantum the-
ory. In the next chapter, we shall retrace the derivation
that leads to the quantization of apparently continuous
variables such as energy. However, with the exception
of the hydrogen atom, the main problem was (and to
a significant extent still is!) that atomic physics gets
complicated very fast as soon as one moves on to non-
hydrogenic systems, starting with the very next element,
helium. This is not unexpected, since only hydrogen (or
the hydrogenic system) is a two-body problem amenable
to an exact mathematical solution. All others are three-
body or many-body problems that mainly have numerical
solutions obtained on solving generalized forms of the
Schrödinger’s equation. With modern-day supercomput-
ers, however, non-hydrogenic systems, particularly those
of interest in astronomy, are being studied with increasing
accuracy. A discussion of the methods and results is one
of the main topics of this book.

Nearly all astronomy papers in the literature iden-
tify atomic transitions by wavelengths, and not by the
spectral states involved in the transitions. The reason
for neglecting basic spectroscopic information is because
it is thought to be either too tedious or irrelevant to
empirical analysis of spectra. Neither is quite true. But
whereas the lines of hydrogen are well-known from under-
graduate quantum mechanics, lines of more complicated
species require more detailed knowledge. Strict rules,
most notably the Pauli exclusion principle, govern the
formation of atomic states. But their application is not
straightforward, and the full algebraic scheme must be
followed, in order to derive and understand which states
are allowed by nature to exist, and which are not. More-
over, spectroscopic information for a given atom can

be immensely valuable in correlating with other similar
atomic species.

While we shall explore atomic structure in detail in
the next chapter, even a brief historical sketch of atomic
astrophysics would be incomplete without the noteworthy
connection to stellar spectroscopy. In a classic paper in
1925 [2], Russell and Saunders implemented the then new
science of quantum mechanics, in one of its first major
applications, to derive the algebraic rules for recoupling
total spin and angular momenta S and L of all electrons
in an atom. The so-called Russell–Saunders coupling or
LS coupling scheme thereby laid the basis for spectral
identification of the states of an atom – and hence the
foundation of much of atomic physics itself. Hertzsprung
and Russell then went on to develop an extremely use-
ful phenomenological description of stellar spectra based
on spectral type (defined by atomic lines) vs. tempera-
ture or colour. The so-called Hertzsprung–Russell (HR)
diagram that plots luminosity versus spectral type or tem-
perature is the starting point for the classification of all
stars (Chapter 10).

In this introductory chapter, we lay out certain salient
properties and features of astrophysical sources.

1.2 Chemical and physical properties
of elements

There are similarities and distinctions between the chemi-
cal and the physical properties of elements in the periodic
table (Appendix 1). Both are based on the electronic
arrangements in shells in atoms, divided in rows with
increasing atomic number Z . The electrons, with prin-
cipal quantum number n and orbital angular momentum
�, are arranged in configurations according to shells (n)
and subshells (nl), denoted as 1s, 2s, 2p, 3s, 3p, 3d . . . (the
number of electrons in each subshell is designated as the
exponent). The chemical properties of elements are well-
known. Noble gases, such as helium, neon and argon, have
low chemical reactivity owing to the tightly bound closed
shell electronic structure: 1s2 (He, Z = 2) 1s22s22p6 (Ne,
Z = 10) and 1s22s22p63s23p6 (argon, Z = 18). The

from Pradhan & Nahar (2011)

discovered by Wollaston (1802)
independently rediscovered by Fraunhofer (1815)

explained as absorption by atoms
first by comparison with emission spectra of gas lamps
(Kirchhoff 1860)
later consistently using quantum mechanics
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Importance of spectroscopy

light is the only information we have

How can we predict these lines?
Radiation emitted by matter
Properties of the emitting matter

Structure of atoms
Conditions in the radiation emitting region

Interaction between radiation and matter
Physics involved

Atomic physics
Statistical physics
Radiation transfer
Hydrodynamics
...
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Atomic structure
solution of the Schrödinger equation

ĤΨ = EΨ[
− h2

2µ
∇2 + V (r)

]
Ψ(~r) = EΨ(~r)

solution in spherical coordinates
Ψ(~r) = Ψ(r , θ, φ) = R(r)Y (θ, φ)

⇒ quantum numbers: n, l ,ml

system of discrete energy levels
spin, quantum number s
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Hydrogen atom

http://skullsinthestars.com
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Hydrogen atom

interaction with electron spin
fine structure

Belluzzi and Trujillo Bueno (2011)



Introduction Atomic structure Line formation Model atmosphere Synthetic spectra Interesting features Conclusions

Helium atom

Nave (2000)



Introduction Atomic structure Line formation Model atmosphere Synthetic spectra Interesting features Conclusions

Metals

Asplund et al. (2004, A&A 417, 751)
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Metals
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Metals

Staude (2004)
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Metals

Kotnik-Karuza et al. (2002, A&A 381, 507)
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Metals

Gehren et al. (2001, A&A 366, 981)
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Transitions between atomic energy levels

both collisional and radiative transitions
simple transitions

bound-bound transitions (excitation, deexcitation)
bound-free transitions (ionization, recombination)

complex transitions
free-free transitions (bremsstrahlung)
resonance-line scattering (absorption + emission in the
same bound-bound transition)
scattering on bound electrons (Rayleigh, Raman)
dielectronic recombination
photon thermalization
autoionization
charge transfer transitions
Auger effects
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Interaction of radiation and matter

continua
influence spectral energy distribution
sharp ionization edges
cross section ∼ ν−3

resonances for atoms with > 1 electron

lines
influence local spectrum
many sharp lines
cross section rapidly variable with ν, line profiles

line blanketing
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Interaction of radiation and matter

continua
influence spectral energy distribution
sharp ionization edges
cross section ∼ ν−3

resonances for atoms with > 1 electron

lines
influence local spectrum
many sharp lines
cross section rapidly variable with ν, line profiles
line blanketing
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Spectral lines
different shapes

weak / strong
absorption / emission
broad / narrow
complex line shapes (shell lines, P Cygni, line blends, ...)

We were unable to measure with certainty any of the lines in

Table 2 for the SD93 normal or super®cially normal comparison

stars. This result is consistent with them having the cosmic

abundance of Mn, log A = 5.39 (Anders & Grevesse 1989).

3.3 Errors

The external errors on the mean abundances are obtained by

propagating the uncertainties owing to the measured Wl, the

atomic parameters and the stellar Teff (which affects the ionization

balance), assuming they are independent of one another. Following

the SD93 convention, we have adopted estimates of the errors on

each parameter as follows: 60.25 dex in log g, 6250 K in Teff , 650

per cent in the Stark damping (GS), 60.5 km sÿ1 in the microturbu-

lence (y) and 65 per cent in Wl. Propagating these errors through

the curve-of-growth analysis for the Mn ii l4478 line, using a model

atmosphere based around Teff = 13 000 K, log g = 4.0, y=1, with a

�2 dex Mn abundance enhancement over the solar value, leads to

the following representative errors in the derived Mn abundances:

60.01 dex (GS); 60.02 dex (log g); 60.05 dex (Teff ); 60.06 dex (y);

60.06 dex (Wl).

To obtain the internal error on the mean value of abundance for

each star, we calculate the standard deviation of the set of measured

lines (Table 2). The mean standard deviation over the entire sample

is 60.09 dex. Remarkably, there is no signi®cant overall difference

between the mean abundances derived from the Mn i and Mn ii

lines, despite the fact that the Teff sensitivity of Mn i is 60.15 dex

for variations of 6250 K. There is no evidence for systematic

differences between abundances derived from the different lines

in Table 2; the average deviations, log�A=A,�, are only a few

hundredths of a dex.

Finally, we can estimate a purely `experimental' error on the

abundance determinations for individual lines by varying the

abundance values used in our synthetic ®ts (see Section 3.4) and

seeing how rapidly the synthetic pro®les depart from the observed

pro®les. For visual ®tting of synthetic pro®les to the observed data,

changes of c. 60.02±0.05 dex produce a signi®cantly degraded

quality of ®t, depending upon the S/N of the spectrum.

These comparisons give us con®dence that the abundances we

have derived are internally consistent with expected errors of

observation. It is remarkable that there appears to be little sig-

ni®cant extra scatter owing to errors in log gf . Throughout this

analysis we assume that Mn is homogeneously distributed with

depth. Strati®cation of elements by diffusion and gravitational

settling, and non-LTE are both possible complications which

must be considered in such analyses. However, we do not maintain

that the full agreement of Mn i and Mn ii `proves' that there are no

strati®cation or non-LTE effects on the Mn i abundances compared

with Mn ii, only that, if any such effects are present, either they are

small or the factors involved apparently cancel out over a wide

range of Teff . Detailed considerations of such possibilities are

beyond the scope of this paper.

3.4 Comparison of curve of growth with synthesis

To validate the use of the curve-of-growth technique with such a

small set of lines, the derived abundances were compared with

abundances obtained via synthetic pro®le ®ts. Using uclsyn, we

synthesized spectral windows around the Mn lines in Table 2 in

several of the single sample stars, selected to form a representative

subsample over the abundance range. Fits of the synthetic spectra to

the observations were made by eye. Table 3 shows the differences

between the abundances derived using the two methods, and Fig. 1

shows representative synthetic ®ts to the Mn lines in HR 7361.

The Mn i lines at ll4030 and 4034, and Mn ii lines at ll4478,

4365, 4363 and 3917 were all well ®tted by the synthetic pro®les,

and contain known blends contributing no more than 2±3 per cent

558 C. M. Jomaron, M. M. Dworetsky and C. S. Allen

q 1999 RAS, MNRAS 303, 555±564

Figure 1. The six Mn lines used in this abundance analysis. These spectra

are of HR 7361. Histograms represent observations; continuous lines repre-

sent synthetic spectra.

HR 7361 Jomaron et al. (1999)
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Spectral lines
different shapes

weak / strong
absorption / emission
broad / narrow
complex line shapes (shell lines, P Cygni, line blends, ...)
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Spectral lines
different shapes

weak / strong
absorption / emission
broad / narrow
complex line shapes (shell lines, P Cygni, line blends, ...)

The Astrophysical Journal, 779:70 (10pp), 2013 December 10 Vennes & Kawka

Figure 1. Sections of the X-shooter spectra from 3500 to 4420 Å, showing many spectral features listed in Table 2. The data are compared with a representative model
with [X/H] = −2.5.

Figure 2. Comparison of the Ca H&K doublet (lower panels) and ultraviolet Mg i/Fe i lines (top panels) in the X-shooter spectra of NLTT 25792 (black lines) with
Keck/HIRES spectra of other DAZ white dwarfs (gray lines): (left panels) G74-7 (WD 0208+396) and (right panels) WD 0354+463 (DAZ+dM). The HIRES spectra
have been degraded to the X-shooter resolution.

4

NLTT 25792 Vennes et al. (2013)
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Spectral lines
different shapes

weak / strong
absorption / emission
broad / narrow
complex line shapes (shell lines, P Cygni, line blends, ...)
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Spectral lines
different shapes

weak / strong
absorption / emission
broad / narrow
complex line shapes (shell lines, P Cygni, line blends, ...)

line opacity (absorption coefficient)

χ(ν) = nlαluφlu(ν)

nl number density of level l
αlu cross section for transition l ↔ u

φlu(ν) line profile of transition l ↔ u
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Line cross section
for transition l ↔ u

αlu =
πe2

mec
flu =

hνlu

4π
Blu

flu oscillator strength
Blu Einstein coefficient for absorption
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Line broadening

natural broadening
Lorentz profile

φ(ν) =

Γlu

4π2

(ν − ν0)2 +

(
Γlu

4π

)2

Γlu = Γu + Γl

Γl =
∑
i<l

[Ali +���
�XXXXBli I(νil)] +

∑
i>l
���

�XXXXBli I(νli)
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Line broadening

thermal (Doppler) broadening
convolution: natural profile and equilibrium velocity distribution

Voigt profile φ(ν) =
1

∆νD
√
π

H (a, x)

H (a, x) =
a
π

∫ ∞
−∞

e−y2
dy

(x − y)2 + a2

∆νD =
v0ν0

c
, a =

Γ

4π∆νD
, x =

ν − ν0

∆νD
, y =

v
v0
.

v0 – most probable velocity
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Line broadening

thermal (Doppler) broadening
convolution: natural profile and equilibrium velocity distribution

Voigt profile φ(ν) =
1

∆νD
√
π

H (a, x)

Doppler profile φ(ν) =
1

∆νD
√
π

e−x2

H (a, x) =
∑

n anHn(x), H0 = e−x2

good approximation in the line center,
line wings weaker for the Doppler profile
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Line broadening

collisional broadening
collisions with particles
linear Stark effect (hydrogen + charged particle)
resonance broadening (atom A + atom A)
quadratic Stark effect (non-hydrogenic atom + charged

particle)
van der Waals force (atom A + atom B)
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Line broadening

microturbulent broadening

∆νD =
ν0

c
v0 =

ν0

c

√
2kT
ma
→ ν0

c

√
2kT
ma

+ v2
turb

“typical” value vturb = 10 km s−1

free parameter in 1-D modeling
disappears in 3-D hydrodynamic modeling (Sun)
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Line broadening

macroscopic broadening
rotation (simplified treatment using convolution)

1
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Collins & Truax (1995)
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Line broadening

macroscopic broadening
macroturbulence

for massive stars rotational broadening too low (Conti &
Ebbets 1977)

half-width: wf =
√

w2
rot + w2

matur

vrot ∼ vmatur

origin unclear, possibly stellar pulsations
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Number density
line opacity

χ(ν) = nlαluφlu(ν)

determination of nl

determination of ionization and excitation equilibrium
thermodynamic equilibrium (TE) Saha-Boltzmann equations

for ionization and excitation balance
nl = nl(ne,T )

local thermodynamic equilibrium (LTE) as TE
local thermodynamic equilibrium not valid (NLTE) kinetic

(statistical) equilibrium equations
nl = nl(ne,T , Jν)
simultaneous solution of

radiative transfer equation
kinetic equilibrium equations
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Ionization and excitation equilibrium

local thermodynamic equilibrium (LTE)
Boltzmann equation (excitation)

nu

nl
=

gu

gl
e−

hνlu
kT ⇒ nl

Nj
=

gl

Uj(T )
e−

Ej
kT

Saha equation (ionization)

N∗j
N∗j+1

= ne
Uj(T )

Uj+1(T )

1
2

(
h2

2πmek

) 3
2

T−
3
2 e
Ej
kT = neΦ̃j(T )
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Ionization and excitation equilibrium

NLTE (non-LTE)
kinetic equilibrium equations for each level l

nl

∑
u

(Rlu + Clu)−
∑

u

nu (Rul + Cul) = 0

∑
l

nl = N (sum over ALL atomic levels)

Rlu, Rul depend on radiation field
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Prediction of stellar spectra
calculation of synthetic spectra

opacity

χ(ν) =
∑

i

∑
j 6=i

[
ni −

gi

gj
nj

]
αij (ν) +

∑
i

(
ni − n∗i e−

hν
kT

)
αik (ν)+

∑
k

nenkαkk (ν,T )
(

1− e−
hν
kT

)
+ neσe

emissivity

η(ν) =
2hν3

c2

∑
i

∑
j 6=i

nj
gi

gj
αij (ν) +

∑
i

n∗i αik (ν)e
− hν

kT +

∑
k

nenkαkk (ν,T )e−
hν
kT

]

scattering

σ(ν) = neσe
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Prediction of stellar spectra
calculation of synthetic spectra

formal solution of radiative transfer equation
given χ(ν), η(ν), σ(ν)

dI(~n, ν)

ds
= − [χ(ν) + σ(ν)] I(~n, ν) + η(ν) +

∮
σ(ν)I(~n, ν) dω
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Prediction of stellar spectra
calculation of synthetic spectra

formal solution of radiative transfer equation
given χ(ν), η(ν), σ(ν)

dI(~n, ν)

ds
= − [χ(ν) + σ(ν)] I(~n, ν) + η(ν) +

∮
σ(ν)I(~n, ν) dω

How to consistently determine χ(ν), η(ν), σ(ν)?
Stellar atmosphere modeling.
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Stellar atmosphere
transition region between star and interstellar medium

the only information about the star
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Model stellar atmospheres

spatial dependence of quantities T (~r), ρ(~r), ne(~r), ni(~r),
J(ν,~r), ~v(~r), ...
for given basic parameters: R?, M?, L? (Teff, log g), Ṁ, v∞
solving the set of equations describing stellar atmospheres

Tasks in stellar atmosphere modelling
main: prediction of emergent radiation (the only observable
quantity)
understanding of physical processes in stellar atmospheres
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Aproximations in stellar atmosphere modelling

physical approximations
stationary medium (∂/∂t = 0)
static medium (~v = 0)
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Aproximations in stellar atmosphere modelling

physical approximations
stationary medium (∂/∂t = 0)
static medium (~v = 0)

equilibrium distributions

thermodynamic equilibrium (TE)

particle velocities – Maxwell
energy levels population – Saha-Boltzmann

radiation field – Planck
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Aproximations in stellar atmosphere modelling

physical approximations
stationary medium (∂/∂t = 0)
static medium (~v = 0)

equilibrium distributions

thermodynamic equilibrium (TE)

particle velocities – Maxwell
energy levels population – Saha-Boltzmann

radiation field – ��
��Planck

does not correspond to observations
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Aproximations in stellar atmosphere modelling

physical approximations
stationary medium (∂/∂t = 0)
static medium (~v = 0)

equilibrium distributions

local thermodynamic equilibrium (LTE)

particle velocities – Maxwell
energy levels population – Saha-Boltzmann

radiation field – ��
��Planck

radiative transfer equation
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Aproximations in stellar atmosphere modelling

physical approximations
stationary medium (∂/∂t = 0)
static medium (~v = 0)

equilibrium distributions

local thermodynamic equilibrium (LTE)

particle velocities – Maxwell
energy levels population – (((

((((
(

Saha-Boltzmann
inconsistent

radiation field – ���
�Planck

radiative transfer equation
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Aproximations in stellar atmosphere modelling

physical approximations
stationary medium (∂/∂t = 0)
static medium (~v = 0)

equilibrium distributions

kinetic (statistical) equilibrium (NLTE)

particle velocities – Maxwell
energy levels population – (((

((((
(

Saha-Boltzmann
kinetic (statistical) equilibrium equations

radiation field – ���
�Planck

radiative transfer equation
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Aproximations in stellar atmosphere modelling

geometry approximations (symmetries)
one-dimensional (1-D) atmosphere

physical coordinates depend only on one coordinate
transfer of radiation in all directions

types of one-dimensional atmospheres
plane-parallel
spherically symmetric
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Plane-parallel atmosphere

θ

n

z

atmosphere thickness� stellar radius

ρ(z), T (z), ne(z), ni(z), J(ν, z), ...
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Spherically symmetric atmosphere

r

n

R
*

θ

atmosphere thickness ∼ stellar radius

ρ(r), T (r), ne(r), ni(r), J(ν, r), ...
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Equations of model stellar atmospheres

radiative transfer equation
planar geometry

µ
dIµν
dz

= −χν Iµν + ην

θ

n

z

Iµν – specific radiation intensity, ην – emissivity, χν – opacity,
µ = cos θ
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Equations of model stellar atmospheres

radiative transfer equation
spherical geometry

µ
∂Iµν
∂r

+
1− µ2

r
∂Iµν
∂µ

= ην − χν Iµν

r

n

R
*

θ

Iµν – specific radiation intensity, ην – emissivity, χν – opacity,
µ = cos θ
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Equations of model stellar atmospheres

equation of radiative equilibrium

4π
∫ ∞

0
(χνJν − ην) dν = 0

balance between total absorbed and emitted energy
determines the temperature structure of the atmosphere
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Equations of model stellar atmospheres

equation of radiative equilibrium

4π
∫ ∞

0
(χνJν − ην) dν = 0

balance between total absorbed and emitted energy
determines the temperature structure of the atmosphere

equation of thermal equilibrium(
Qbf

H −Qbf
C
)

+
(
Qff

H −Qff
C
)

+ (Qc
H −Qc

C) = 0

alternative possibility: numerical stability for outer atmospheric layers
QH - heating, QC - cooling,
bf – bound-free transition; ff – free-free transition;
c – inelastic collisions

(Kubát et al., 1999, A&A 341, 587)
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Equations of model stellar atmospheres

equation of hydrostatic equilibrium

dp
dm

= g − 4π
c

∫ ∞
0

χν
ρ

Hν dν

balance of the pressure gradient, gravitation, and radiation
force
Hν – radiation flux
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Equations of model stellar atmospheres

equations of kinetic (statistical) equilibrium
determine population of atomic energy levels for i = 1, . . . ,NL

ni

∑
l

(Ril + Cil) +
∑

l

nl (Rli + Cli) = 0

Ril – radiative rates, depend on the radiation field
Cil – collisional rates

other levels – populated according to local thermodynamic
equilibrium
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Equations of model stellar atmospheres
radiative transfer equation (Iµν )

µ
dIµν
dz

= −χν Iµν + ην µ
∂Iµν
∂r

+
1− µ2

r
∂Iµν
∂µ

= ην − χν Iµν

radiative equilibrium equation (T )

4π
∫ ∞

0
(χνJν − ην) dν = 0

hydrostatic equilibrium equation (ρ)

dp
dm

= g −
4π
c

∫ ∞
0

χν

ρ
Hν dν

kinetic (statistical) equilibrium equations (ni )

ni
∑

l

(Ril + Cil ) +
∑

l

nl (Rli + Cli ) = 0
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Solution of equations of model stellar atmospheres

system of nonlinear integrodifferential equations
analytic solution impossible
numerical solution

complete linearization method
(multidimensional Newton-Raphson method)
accelerated Λ-iteration method (Jacobi iteration method)

LTE models fast (seconds to minutes)
NLTE models take significantly longer time (> hours)
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Model atmospheres of hot stars
pure hydrogen pure helium

Teff = 100 000 K, log g = 7.5

arrows indicate depth of line formation
(Kubát 1997, A&A 324, 1020)
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LTE versus NLTE

LTE models
calculated quickly
easy to handle line blanketing
quite good fit to spectra

NLTE models
computationally expensive
line blanketing uneasy, but tractable
better fit to spectra
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LTE versus NLTE

statistical physics
maxwellian velocity distribution
non-equilibrium radiation field

processes entering the game
collisional excitation and ionization (E)
radiative recombination (E)
free-free transitions (E)
photoionization
radiative excitation and deexcitation
elastic collisions (E)
Auger ionization
autoionization
dielectronic recombination (E)
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LTE versus NLTE
detailed balance

rate of each process is balanced by rate of the reverse
process
maxwellian distribution of electrons⇒ collisional
processes in detailed balance
radiative transitions in detailed balance only for Planck
radiation field
if Jν 6= Bν ⇒ LTE not acceptable approximation
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Model stellar atmosphere
final goal – comparison with observations
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Model stellar atmosphere
final goal – comparison with observations

Example of using synthetic spectra – 4 Herculis
(spectroscopic binary, P = 46 days, Be+?; variable spectrum B→ Be→ B)

plane-parallel LTE model
star in a phase without
emission
Teff = 12500 K
log g = 4.0
v sin i = 300 km s−1

(Koubský et al. 1997, A&A 328, 551)
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Model stellar atmosphere
final goal – comparison with observations

model atmosphere calculations time consuming
huge number of frequency points
huge number of atomic levels

usually performed in 2 steps
1. model atmosphere calculation (structure – LTE or NLTE)

1a. NLTE problem for trace elements – determination of some
nl for given atmospheric structure

2. calculation of detailed synthetic spectrum (solution of the
radiative transfer equation for a given source function)
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Model stellar atmosphere
final goal – comparison with observations

model atmosphere calculations time consuming
huge number of frequency points
huge number of atomic levels

sometimes performed in 3 steps
1. model atmosphere calculation (structure – LTE or NLTE)

1a. NLTE problem for trace elements – determination of some
nl for given atmospheric structure

2. calculation of detailed synthetic spectrum (solution of the
radiative transfer equation for a given source function)
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Trace elements
we have a model atmosphere (LTE or NLTE)

assume that our model atmosphere is correct
trace elements

1. negligible effect on the atmospheric structure
usually low abundance

2. effect only on emergent radiation, but [1] must be valid

given T (r), ne(r),nback
i (r)⇒ background opacities

solve together
radiative transfer equation
kinetic (statistical) equilibrium equations for trace
element(s)
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Trace elements – some warnings

always check, if the trace element is really a trace element
electrons from more abundant “trace” elements (C,N,O,. . . )
may change the total number of free electrons
background opacities should be the same as in the model
atmosphere calculation
LTE model atmosphere inconsistent with NLTE for trace
elements

LTE⇒ enough collisions with e− for H, He;
why not for a trace element?

NLTE model atmosphere highly preferable
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Final calculation of synthetic spectra
example of an LTE model, plane-parallel
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Final calculation of synthetic spectra

most lines have an absorption profile
for static plane parallel LTE atmospheres always
emissions can be caused by, for example,

optically thin circumstellar matter (disks, winds)
NLTE heating of upper atmospheric layers
optically thick winds (Wolf-Rayet stars)
infall of matter in binaries
...
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Raman scattering in symbiotic stars
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Molecular satellites in hot white dwarfs

Wolf 1346 on March 14. The two spectra were virtually
identical, and no other white dwarfs showed the unusual
features, confirming that the features were intrinsic to Wolf
1346.
The data reduction process included correcting for pulse

pile-up; subtracting dark counts, scattered light, and second-
order light; flat-fielding; and correcting for time-dependent
throughput changes during the mission. The pointing during
the observations was such that some light was lost due to the
target being near the edge of the aperture during much of the
exposures. Hence, an additional normalization correction was
made using the count rates obtained during the times the
target was fully within the aperture. The spectra were fluxed
using the instrument sensitivity determined in flight using
observations of HZ 43 and a model computed with Koester’s
atmosphere codes. Finally, the background was subtracted
using sky exposures taken during target acquisition, and the
two spectra were co-added. The data reduction process and
in-flight calibration are detailed in Kruk et al. (1995).
The combined HUT spectrum is shown in Figure 1 and

compared with a model of our atmosphere grid, using standard
Stark broadening. The model was convolved with the instru-
ment resolution (which varied as a function of wavelength) for
comparison with the observed spectrum. The spectrum was
smoothed with a 2 pixel (1 Å) FWHM Gaussian, as was the
model. The model was scaled using the published V magnitude
of 11.53 (Cheselka et al. 1993) and the relation fl (5490
Å) 5 3.61 3 1029 /100.4mV (Finley, Basri, & Bowyer 1990). The
model required scaling by an additional factor of 1.03 to match
the continuum flux between 1350 and 1650 Å.
The model does not reproduce the steep red wing of Lyb. In

addition, there are two unexplained absorption features on the
observed wing at 1060 and 1078 Å. On the red wing of Lya a
weak indication of the 1400 Å H2

1 satellite is visible in both the
model and the observation. The HUT effective area (Kruk et
al. 1995) is smooth in the 1060–1080 Å region. Furthermore,
the observed spectra of the hotter DA that were observed
agree quite well with the models (Kruk et al. 1995), clearly
demonstrating that the Lyb features are not calibration arti-
facts, but are instead intrinsic to Wolf 1346.

3. OPTICAL OBSERVATIONS AND STELLAR PARAMETERS

With a visual magnitude of 11.53, Wolf 1346 is a very bright
white dwarf and has therefore been included in a number of
recent analyses. Bergeron, Saffer, & Liebert (1992) give 19980/

7.83 (Teff /log g); Finley, Koester, & Basri (1996), 19960/7.83;
and Kidder (1991), 20400/7.90. We have obtained three
spectra with high S/N at the 2.2 m telescope of the DSAZ
observatory at Calar Alto in September of 1995, and the
analysis with a set of model atmosphere grids gives 19500/7.96.
Figure 2 shows the Balmer line profiles from one of these

observations together with the best-fit model. The fitting
procedure included adjusting the models at continuum points
to correct for the nonperfect calibration of the observed
spectrum, then simultaneously fitting the Hb–H8 lines, includ-
ing small sections of adjacent continuum. This means that the
fit was determined essentially by the Balmer line profiles only.
The formal errors of our fits are very small, comparable to
those obtained by the other studies. The slope of the spectrum
before adjustment of the continuum—while not totally reli-
able—indicates that the temperature could perhaps be a bit
higher, as indicated by the other results. In any case, the
scatter of these determinations indicates that systematic errors
are probably higher than the formal errors determined by the
least-squares fits, and we adopt very conservatively the follow-
ing values and ranges for our further study: Teff 5 20,000 H
500 K, log g 5 7.90 H 0.10.

4. QUASI-MOLECULAR LINE BROADENING OF Lyb BY PROTONS

In the model used for the description of this line broaden-
ing, the interaction of the absorbing hydrogen atom in the
ground state with the perturbing proton is considered as the
temporary formation of a quasi-molecule, in this case the
molecular ion H2

1 . The perturbation of the energy levels is
then given by the adiabatic potential energy curves of this
molecule.
The approach is based on the unified theory of Anderson &

Talman (1956) and has in recent years been considerably
improved through the work of N. Allard and J. Kielkopf
(Allard & Kielkopf 1982, 1991; Allard & Koester 1992;
Kielkopf & Allard 1995). A comprehensive recent review of
these calculations is Allard et al. (1994).
In these papers the interest was concentrated on the line

Lya, because previously unknown features in the IUE spectra
of a number of cool DA white dwarfs had been identified by

FIG. 1.—Background-subtracted HUT spectrum of Wolf 1346, compared
with a theoretical spectrum using standard Lyb Stark broadening. The Lya and
O II airglow lines at 1216 and 1304 Å could not be subtracted cleanly due to the
decline in sensitivity in those lines through the mission.

FIG. 2.—Balmer line profiles of Wolf 1346 and the best-fitting model with
Teff 5 19504 K, log g 5 7.96. Lines shown are Hb through H9.
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satellite. According to our preliminary model calculations for
Lyb this is the case in DA white dwarfs between effective
temperatures of about 16,000 to 25,000 K. This agrees with the
observational HUT result that all other DA observed are
hotter than 30,000 K.
Figure 4 shows the result of this calculation compared to the

observation, using our adopted values for Teff and log g
(20,000/7.90). The model was scaled using the V magnitude,
with an additional scale factor of 1.03 being applied to match
the observed continuum flux longward of Lya. A slightly hotter
model (Teff 5 21,000 K) did not give a good fit to the data. The
continuum flux for the hotter model (scaled to V ) was 10%
higher than observed, and the Lya line was far too weak.

6. CONCLUSIONS

We have not made an effort to find the best-fitting UV
model, and the fit is clearly not perfect, especially in the
region between Lya and Lyb. We have made some experi-
ments, and our conclusion is that far wing absorption of
Lyg and higher Lyman lines, which are still calculated with
standard Stark broadening, are part of the problem. Figure 4,
however, clearly proves, by the coincidence of position and
shape, that the two observed features near 1060 and 1078 Å
are indeed satellite features of Lyb, and that the steep rise
of the wing is caused by the exponential decline of the line
profile beyond the last satellite. Further detailed studies of the
line profiles of all Lyman lines will hopefully improve the
quantitative agreement in the future, whereas new observa-
tions of hotter and cooler objects should establish the range
where these features are observable and provide a challenge to
experimental physicists to measure these line profiles in labo-
ratory plasmas.
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Koester et al. (1996)

Teff = 20 000K, log g = 7.9
caused by collision of neutral hydrogen and protons
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Summary and conclusions

Theory of stellar atmospheres
uses atomic physics, statistical physics, radiation transfer,
hydrodynamics, magnetohydrodynamics, ...
predicts emergent radiation from stars
improves our understanding of processes in stellar
atmospheres
theory checked by comparison with observations
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Summary and conclusions

Synthetic spectra
depend on adopted model atmosphere
line blanketed model atmospheres should be used
NLTE model atmospheres should be always preferred
supplemented with NLTE line formation for trace elements
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Summary and conclusions

Synthetic spectra
depend on adopted model atmosphere
line blanketed model atmospheres should be used
NLTE model atmospheres should be always preferred
supplemented with NLTE line formation for trace elements

Predicted emergent radiation is ALWAYS calculated using
some approximations
be aware of them
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Summary and conclusions

Synthetic spectra
depend on adopted model atmosphere
line blanketed model atmospheres should be used
NLTE model atmospheres should be always preferred
supplemented with NLTE line formation for trace elements

Predicted emergent radiation is ALWAYS calculated using
some approximations
be aware of them

and do not forget limited capabilities of observing instruments
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